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Anorauis. BaraTo 3ajad 3 pisHuX rasyseit HayKu (GOPMYJIIOIOTHCS 9K PIBHsAHHA 800
CHCTEMH PIBHSIHb B aDCTPAKTHUX IIPOCTOPAX, TAKUX sIK €BKJIIOBUII OaraToBUMIipHMIA
mpoctip, mpoctip ['insbepra abo Bamaxa, Tomo. BinbiricTs 3 mux piBHSIHB MICTITH
omneparopu, 1o € Heaudepentitopannmu. Came ToMmy Oysa po3pobieHa creriajibHa
METOJIOJIOTIsT I pO3B’si3aHHsl TakKuxX PiBHAHL. (OJHAK BOHA TaKOXK MOXKe OyTH
3aCTOCOBaHA JIjIsi PO3B’sI3yBaHHs PIBHAHDL 3 AndepeHIliiioBaHnME oneparopaMu. s
LTIocTpaliii BUKOPUCTOBYEThCS KOHKDPETHUN METOJI, Yepe3 AKUil ONMUCYEThCH MPUHITUIL
poboru meromosorii. BojaHodac mg meroosiorist Moxke OyTH 3aCTOCOBaHA JI0 1HIMUX
METO/IiB, IO 3aJIy4aloTh OOepHeHi JiHiliHI onepaTopu. EKCIiepuMeHTH MiATBEPIKYIOTH
JIaHy Teopilo.

ApsTracT. Many applications from diverse disciplines are formulated as an equation
or system of equations in abstract spaces such as Euclidean multidimensional, Hilbert
or Banach to mention a few, a plethora of this equations are nondifferentiable. That is
why a methodology is developed to handle in particular the solutions of such equations.
However the methodology also applies to solve the differentiable equations. A particular
method is utilized as a sample via which the method is described. However, the same
methodology can be used on other methods utilizing the inverses of linear operators.
Experiments further demonstrate the theory.

1 INTRODUCTION

Let H be a Fréchet differentiable operator mapping from a Banach space B into B, and D be an
open convex subset of B. Obtaining a solution § € D of the nonlinear equation of the form

H(z)=0 (1.1)

has numerous applications in multiple disciplines as such problems are formulated as an equation
like (1.1) using Mathematical Modeling [11,21]. The iterative methods provide a way to handle
non-analytic and complex functions thus approximating the solution ¢ of (1.1) which is rarely
attainable in analytic form. No convergence, slow convergence, divergence and inefficiency are other
issues that researchers using iterative methods must contend with. There is an extensive literature
on the convergence of iterative methods motivated by algebraic or geometrical considerations [11,21].
As a result, researchers worldwide are continuously striving to create higher order iterative methods
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[2-5,7,8,10,12,13,17,20].
In particular, we investigate the convergence of the seventh order method with no derivatives
developed by Sharma and Arora [18| which is defined for each m = 0,1,2,... by

xo €D, Uy =Ty + oH(Tm), (1.2)
Ym =Tm — [Um, Tm; H]_lH(l‘m),
Zm =Ym — (3I - [umvxm; H]_l([ymvxm; H]
+ [yma Um; H}))[Uma Tm; H]ilﬂ(ym)a
Tm+1 =2m — [Zm>ym9H]_1([uma$m§ H] + [Ym, Tm; H]
- [Zma Tm; H])[uma Lm; H]_IH(Zm),
where [-,-; H] : D x D — L(B) is the first order divided difference of H, £(B) is the space of bounded
bilinear operators from B into B and p is an arbitrary non-zero constant. The seventh order of the
method (1.2) is shown provided that B = R¥  where k is a natural number and by assuming the
existence of at least sixth derivative and utilizing Taylor series expansions. Hence, the application
is limited to solving nonlinear equation (1.1) where the operator is that many times differentiable.
But the method may converge even if sixth order derivative H®) does not exist, where by H® we
denote the i—th derivative of the operator H.
Let us illustrate our concerns with a toy example: Consider D to be an interval containing 0 and
1. Define the function H on D as

Tt3logt + 45 — 4tt, t+£0
H(t) — Og + ) # )
0, t=0.

It is clear by this definition that H®)(t) is not continuous at t = 0. Thus, the results in [18] cannot
assure the convergence of the method to the solution ¢* = 1. But the method converges if o = 1 and
o — 0.95.

Moreover, notice that there are no derivatives on the method (1.2). Other concerns with local
convergence analysis (LCA) provided in [18| are

(C1) The initial guess zg is “shot in dark”.

(C9) A priori upper bounds on ||z, — J|| are not given, where 6 € D stands for a solution of the
equation (1.1). That is one does not know in advance the number of iterations to be performed
to reach a predecided error tolerance.

(C3) There is no information on the isolation of the solution.

(C4) There is no assurance that the method converges (although it may converge to J) if at least
H©®) does not exist.

(Cs) The results are limited to the case when B = R¥.

(Cs) The more interesting than LCA semi-local convergence (SLCA) is not given in [18].

(C7) The same concerns exist for numerous other methods with no derivatives [18,19].

(o233
~— —

The present article processes all the concerns positively. In particular, the LCA relies on the
general concept on w-continuity [1,2,6,13] and uses only information from the operators appearing
on the method. Moreover, the SLCA utilizes majorizing sequences |[1,13].

The novelty of the article lies in the fact that the process leading to the aforementioned benefits
does not rely on the particular method (1.2). But it can be used on other methods utilizing inverses
of linear operators in a similar fashion. Notice that the development of efficiency and computational
benefits have been discussed in [18]. That is why, we do not repeat these aspects of the method in
present article.

The paper is structured as follows: The local convergence in Section 2 is followed by the semilocal
convergence in Section 3. The numerical applications and concluding remarks appearing in Section 4
and Section 5, respectively complete the paper.
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2 CONVERGENCE I: LCA

The LCA relies on the following conditions. Let T'= [0, 00).
Assume:

(A1)

(A2)

(A3)

There exists M € £(B) such that M~! € £(B) exists.

14 Yol

The developed functions “w” are assumed to be symmetric.

There exist continuous and nondecreasing functions (CNF) f: T — T, wy : T xT — T
such that the equation wy(f(t),t) — 1 = 0 has a minimal positive solution denoted by po. Let
To =1[0,p0) and P(d,p0) ={x € D : ||z — | < po}-

1M~ (Ju, y; H) = M) < wol(lu— ], ly — 6))
and
Jlu—¢] < f(llz —all)

for each z,y € D and u = = + pH ().
Let D() :DQP((S,IOO).
ThereexistsCNFw:TOXT0—>T,w1:TOXTQXT0—>T, WQ:TDXT()XT()—}Tand
w3 : Ty — T such that
1M~ ([, y; H] = [2,6; H])|| < w(llz = 8]l [y — al),
z=x or z=y,
1M ([u, 3 H) = [y, 85 H))|| < w2 = 6], [ly = &1l [lu — 4]])
1M~ ([, z; H] = [y, z H)|| < wa(ll2 = 0], lly = 61, [[u = a])),
z=x or z=u
and

1M~ ([, 6; H] = M)|| < ws(||z - 6])

for each x,y,u € Dy.
The third condition is used to obtain an estimate for ||z; — d]| (2.11)

1M~ ([yo, zo: H] — [z0, 203 H])I| < wa(llzo — 8], llyo — 6]l 120 — &1])-

The equations hq(t) — 1 = 0, ho(t) — 1 = 0 have minimal positive solutions s, s3 € Tj, where
hy:To— T, ho : To — T are defined by

or)
M) = 1.0

and

wit, (O f(1) | 2wa(t, ha(B)t, f(E) (A +ws(ia(B)t))
1-— wg(f(t), t) (1 - wO(f(t)7t))2

The equation wg(h1(t)t, he(t)t) — 1 = 0 has a minimal positive solution p € Ty. Let p; =
min{pg, p} and T} = [0, p1). Then

ha(t) = ha(2).

1M~ ([, H] = M) < @l = 6]l lly = 6l)

for each x,y € 17, where wq is CNF on T7.
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(A7) The equation hs(t) — 1 = 0 has a minimal positive solution s3 € 77, where the function
hs : 11 — R is defined by

hs (t) = w(ha(t)t, ha(t)t) wa(t, hy(t)t, ha(t)t)(1 + ws(ha(t)t))
’ L=@o(ha(t)t, ha(8)t) (1= w@o(ha(8)t, ha()1)) (1 — wo(f (1), 1))
(Ag) Plo,s*] C D, where s* = min{s;},7 = 1,2,3 and P[J, s*] is the closure of the open ball P(d, s*).

The parameter s* given in the condition (Ag) is a convergence radius for the method (1.2) (see
Theorem 2.1).
Let Ty = [0, s*). It follows that for each ¢ € T

ha(1).

0 <wol(f(£),1) < 1, (2.1)
0 Swo(hl(t)t, hg(t)t) <1

and
0 < hi(t) <1. (2.3)

The following LCA result relies on the developed terminology and the conditions (A;)-(Asg).

Theorem 2.1. Assume the validity of the conditions (A1)-(Asg). If z¢ is selected from the set
P(9,s*) — {0} then, the following assertions are validated for the sequence {x,,} produced by the
method (1.2)

{.’L‘m} CP(57 3*)7 (24)
ym = 0l < Pa(l|am — 6[))||lzm — 0|l < [[m — 6] < s,
[2m = 0|l < ho([lzm — 6[))lzm — 6] < [|zm — 4|
and
l@mst = 31l < hs(llzm — 81)2m — 81l < llam — 3, (2.7)

provided that the functions h; are as previously given and the convergence radius s* is defined in
the condition (Ag).

Proof. Induction is employed to show the assertions (2.4)-(2.7). The conditions (A;)-(As) and
the estimate (2.1) give

1M~ ([uo, zo; H] — M)|| <wo(lluo — ]|, l|zo — 8]
<wo(f ([0 = 8[]), lzo = 0]]) < wo(f(s7),s") < 1. (2.8)
The Banach perturbation Lemma involving inverses of linear operators [1,11,21] and the estimate

(2.8) assure the existence of [ug, zo; H]™! and

1

[ [uo, wo; H] M| < : (2.9)
1 —wo(f(lzo = 6l]), [lzo — 4])
It also follows that the first iterate g is well defined and we can write
Yo — 6 = w0 — & — [uo, zo; H] " H (o)
= [ug, xo; H] " ([ug, zo; H] — [20,6; H])(x0 — 0). (2.10)

The application of the conditions (A4)-(As), (2.3) (for i = 1), (2.9) and (2.10) give in turn

(luo = 611, llzo — 81D llwo — 4]
— wo(f(llxo = 8[1); llxo — 1)
<hi([lzo = 8[)[lzo — 6] < llzo — o]l < 87,

w
lyo — o1l <=
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thus, the assertion (2.5) is validated if m = 0 and the iterate yo € P(d, s*). The second iterate z is

also well defined by (2.9) and we can similarly write in turn that
20— 8 = yo — & — [uo, w03 H] " H (yo)

+ [uo, zo; H] ™ (([uo,xo;H] — [vo, z0; H])

([0 05 H] — [yo, uo: H])) o, x0: H] ™ H (o)

leading to

r(lo — o1l 1o — 3 Juo — 1)
20 =31 < | a0 — 310, leo — 1)
20— 3l o — 31 T =311 + wslso = 31)]
(= wolJ (o — o), |0 — 31)°
<halllzo — 81 20 — 8] < llzo — a1

where we also used

1M~ H (yo)ll = [|M = (H (y0) — H(8))]| = [|1M ™ [yo, & H](yo — 3)|
= | M~ ([yo, 6; H] = M + M)(yo — 9)|
< [L+ 1M ([yo, & H] = M)|[Jllyo — 4]l
< (14 ws(llyo = 0l))llyo — 4l
so the assertion (2.6) is validated if m = 0 and the iterate zg € P(J, s*).
The conditions (A4;)-(A4g) imply
1247 ([z0, yo; H] — M)|| <@g (|20 — 6], lyo — 61)
<wo(ha(llwo = dl)llwo = dl[, ha(llzo = SlDllxo — 411)
<wp(ha(s*)s*, hi(s*)s") < 1,
thus [20,yo; H] ™! € L(B),

1
—wo(ha(llzo — d|))lwo — ol], ha(l[zo — &) llzo — d]I)

I[20, yo; H] "' M| < l

and the third iteration is also well defined.
Next, we can write in turn
1 —0=20—0 — [Zo,yo;H]_lH(Zo)
— (20, yo; H) ™" ([0, wo; H] — [20, x0; H])[uo, zo; H] ™" H (20)
= [20,y0; H] ™ ([20, yo; H] — [20, 85 H])(20 — 0)
— [20,y0; H] ™" ([yo, wo; H] — [20, w0; H])[uo, zo; H] ™' H(20)

leading to

w(llyo = 61l [0 — 4]))
1 —wo(|[z0 — 4l [lyo — 4l)
wa(llzo — 0|, [lyo = 4], 20 = 01 (L + ws([lz0 — 4[)
(1 = @o(llzo =8I, llyo = aIN) (T = wo(f ([[xo = 811), lzo = 41[))
<hs([lzo = d])llzo — 0l < [lzo — 4ll;

lr =l <

120 = 4]

(2.11)
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therefore the assertions (2.4) (for m = 1) and (2.7) are validated if m = 0 and the iterate z; € P(9, s*),
where we used

1M~ H (20)[| = [|M ™1 (H (20) — H(8))(z0 — 0)|
= M~ ([20,6; H] = M + M) (20 — 9)|
< [1+ [M™H([20,0; H] = M)|[]||20 — 4
< (T+ws(llzo = 2" )20 — 27

The induction is validated for the assertions (2.5)-(2.7) for m = 0 and for m = 1 in the assertion
(2.4). Simply exchange the iterates zo, yo, 20, 1, respectively by T, Ym, Zm, Tm+1 to terminate
the induction for all m = 0,1,2,.... Then, it follows from the estimation

[Zmy1 =0l < dllwm — 0] < 5%,

where d = hg(||xg — z*||) € [0,1) that the iterate z,,+1 € P(d, s*) and lim, o0 Ty = 0. O

43 Yol

The functions “w” and “ f” are left uncluttered in Theorem 2.1.
Remark 2.2. A possible choice of the function f is motivated by the calculations:

u—80=x—086+oH(z) = (I+ olz,d; H])(x — 9)
= [I+ oM + oMM~ ([z,6; H] — M)](z — 9),

S0
lu =6l < Il + M| + |o|[ M ||ws(l|z — 6])] = — 4.
Hence, we can choose
J@) =T+ oM]| + o[ M|ws(t)] t.
Assume:
1M~ (fu, y; H] = M)|| < collu — 6| + dolly — 6| + du,
M~ ([, 63 H] = M)|| < el — 8| + da,
1M~ (fu, z; H] = [2,6; H))|| < callu — 8[| + esllz — 8| + da,
by using the first conditions in (A4) for z = x.
1M (fu, 25 H] = [y, 6; H)I| < eallu = 8| + eslla = 6] + colly — 8| + da
and
1M ([u, 5 H) = [y, z; H])|| < eqll = 6| + eslly — 8] + collu — 6| + ds
hold instead. Then, we can choose

(S,tl) = CgS + dotl + dl,
(t) c1t + do,

(,t) CS+63t+d3,
)

wi(s,t,t1) = cas + 5t + coty + dy
and
wa(s,t,t1) = c7s + cgt + cot1 + ds,
where the coefficients “c” and “d” are nonnegative parameters.

The condition (Ag) can be replaced by
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(4s)" P(6,5) C D,
where s = max{s*, f(s*)}. In this case condition ||u — §|| < f(||z — d||) can be dropped.
Some possible choices for the linear operator M are:
The differentiable case: M = H'(9).
The non differentiable case: M = [ug, xo; H] provided that [ug, zo; H]™! € L(B).
Other choices should be taking into account optimization concerns.
The isolation of the solution domain is specified in the next result.
Proposition 2.3. Assume:
There exists a solution T € P(6, p2) of the equation H(x) = 0 for some pa > 0; The condition (A;)
and the first condition in (Ag) are validated on the ball P(6, p2) and there exists p3 > pa such that

ws(p3) < 1.

Then, the equation H(xz) = 0 is uniquely solvable by ¢ in the domain D3 = D NPIJ, p3].
Proof. Define the divided difference [z, d; H]. Then, we get
1M~ ([, 6; H] = M)|| <ws(||z - 4])
<ws(p3) < 1,

thus

Hence, we conclude T = . g
A possible choice for py = s*.

3 CONVERGENCE II: SLCA

In this Section the role of § and the functions “w” is replaced by xy and the “v” functions.
However, similar calculations take place.
Assume:

M) = (A1)
The developed functions “v” are assumed to be symmetric.

(T'2) There exists CNF g : T — T, vg : T x T'— T such that the equation vy(g(t),t) — 1 =0 has a
minimal positive solution p3 € T.

(I's)

1M~ ([u, y; H] = M)|| < vo(llu — @oll, [ly — zo|) for each .y € D,
u=ux+ oH(z),

[ — ol < g(llz — zoll),

and

vo(g(l[eH (x0)]]),0) <1

Let T3 = [0,p3).
(T'4) The equation wvy(t,t) — 1 = 0 has a minimal positive solution p € T3. Let pgs = min{ps, o},
Ty = [0,p4) and Dy =DnN P(xo, p4). Then
17 ([, y; H] = M)|| < w(l|z — oll, [ly — oll)
for each z,y € Dy, where 7vg is CNF on Ty.
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(I's) There exists a CNF v : Ty x Ty x Ty — T such that
1M~ ([u, y; H] = [z,2; H))|| < v(|lz — zoll, [lu — zol|, ||z — zol)),

for each x,y, z,u € Dy.
The condition is used to obtain the estimates
1M (s @ H] = [y s HD| = 1M (i @i H) = [t @ H])|
< v(l[m = zoll, lym — @oll; [um — @oll),
1M = (s @ H] = [y s HD|| = M7 (Wi s H] = [, @z H])]|
< v(l|em — @oll, [[ym — @oll, [[um — zol]),
1M~ (yms s H] = [z, s HD)| = 1M (2, @5 H) = [y, 2n; H])

I < v(llzm = zoll, [Iym — woll; [[2m — wol))-

(I'¢) Define the real sequence {a,} for ag = 0, some by > 0 as

2

v(@m, bms g(am))  20(am, bm, g(am)) .
1-— UO(g(am)v am) * (1 - UO(g(am)7 am))2:| (bm m)7 <31)
Om =(1 +00(bm, cm)) (em — bm) + v(@m; bm, g(am)) (b — am),
V(@ by Cm)
1 —0o(cm, bm) [ * 1- UO(Q(am)=GM)]
)\m-‘rl :(1 + %(am+17 am))(am—i-l - am)
+ (1 + UO(g(am)a am))(bm - am)7

Cm =bm + [

Am+1 =Cm + 5m7

and

)\m—i—l
1 —vo(9(@m+1)s Gme1)

bm+1 = Qm+1 +

There exists ps € (0, ps) such that
vo(g(am), am) < 1,T0(Cm,bm) <1 and ap < ps.

Notice that the sequence {a,,} is nondecreasing by the formula (3.1) and the preceding
condition. It follows a* = limy,— o0 an, exists.
(I'7) Plzo,a*] C D.

(I's) Notice that [ug, zo; H]~! € L(B) by the conditions (I'1)-(I's). Choose by such that
H [’U,07 Zo; H]_IH(CU()) H < bo,

Then, the SCLA result for the method (1.2) is:
Theorem 3.1. Assume that the conditions (I'1) — (I'7) are validated. Then, the following
assertions are validated for the sequence {x,,} given by method (1.2)

{m} C P(x0,a"), (3.2)

[ym — Tm| < b — am, (3.3)
[2m = Ymll < em — bm, (3.4)
[Zm+1 — 2m| < @ms1 — cem (3.5)

and there exists 0 € Plxg, a*| satisfying the equation H(x) = 0, so that

|0 — 2| < a* — ap,. (3.6)
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Proof. As in the local case induction is employed to verify the assertions (3.2)-(3.5). The formula
(3.1), the method (1.2) and the condition (I's) imply

lyo — zoll = ||[uo, zo; H] " H (zo)|| < by = b — ag < a*,

thus the iterate yo € P(zp,a*) and the assertion (3.3) is validated if m = 0. Then, by simply
following the calculations of the local case and exchanging &, A by zg, I' conditions, respectively we
obtain the estimates

1
(gUlzm — zoll), lzm — xoll)’
Am — Ym = _[umvxm; H]ilH(ym) - [Umy-rm; H]il

I, i B M < 7

Y (([um,xm; H) — [y 0t H]) + ([t s H] — [ym,um;HD)
X [ty To; H) ™ (Wi, T H] = [ty T H)) (Yo — ),

since by the first substep

H(ym) = H(ym) - H(xm) - [umame H](ym - xm)
= ([Yms @m; H] — [tm, Tm; H)) (Y — Tm)

leading to

O([|zm — ol|, [[Ym — @oll; lum — 20ll)
1= wvo(g(lzm — zol)): l@m — o)
20(||lzm — zoll, |ym — zoll, lum — xol)?
(1 = vo(g(l|zm — zol)), [|£m — w0l]))?
< V(@m, b, g(am)) 1 2v(am,;, bm, g(am))
1 —wo(g(am),am) 1 —vo(g(am), am)

=Cm — bm,

12m = yml| <

}uym ol

| = an)

|zm — woll < ll2m — Ymll + lym — o

<cm—bm +bm —ag=cy < a”.
Thus, the iterate z,, € P(zo,a*) and the assertion (3.4) is validated. Moreover,

1
(Izm = @oll, lym — oll)’

CH7 M| <
oms s B M <
Tm41 €Xists,
Tm+1 — Zm = _[Zmaym;H]ilH(Zm)
- [Zm,meH]fl([ym,UCm;H] - [Zm7xm§H])[umvxm;H]ilH(zm);
leading to

1
1 =5o([lzm = 2oll, [ym — 2ol|)
v(llzm = zoll, [lym — zoll, l[2m — oll)
(1 =3o(llzm = 2oll; [ym = 2ol))(X = vo(l[tm = zoll, [l2m — 2ol]))

||a7m+1 - Zm” <

+

1M~ H (2) . 3.7)
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But
H(Zm) = H(Zm) - H(ym) + H(ym)
= [Zma Yms; H](Zm - ym) + ([ym7$m; H] - [umvxm; H])(ym - xm)a
SO
1M~ H (z0)[| <(1+T0(l|2m = zoll, |ym — ol (2 — Yim)
Fv(lzm — 2olls [ym — oll; [lum — 2ol (Ym — zm)[| = 6 < O (3.8)
Then, (3.7) and (3.8) give

me—l-l - ZmH < % v(am, b, Cm)
1 —o9(em, bm) 1 —wo(g(am), am)

= Qm+1 — Cm

m

and
[Zm+1 — 2ol < |Tms1 — 2mll + |2m — @0l < amy1 — cm +em —ao
= amy1 < a’.

Thus, the iterate x,,+1 € P(xo,a*) and the assertions (3.3) and (3.5) are validated. The induction
is terminated if the assertion (3.4) is validated for m replacing m + 1.
We can write by the first substep in turn that

H(zm1) =H(@mi1) = H(zm) = [tm: Em; H](Ym — 2m)

:[SUm—i—lyajm; H](xm—i-l - -Tm) - [um,xm; H](ym - -Tm)a

leading to
M~ H (2 1) || <(1+T6(|zmi1 — zoll, l2m — zol) [(Zmi1 — 2m)
+(1 +00([[um — zol[s lzm — 2ol (Ym — Zm)|| = Amta
< A, (3.9)
therefore,
[Ymr1 = Tmitll < Ntma1, Tmars H T M| M7V H (240) |
Xm—s—l
1= vo([lum+1 — zoll, [[Tm+1 — wol|)
>\m+1 - L —a )
= 1—w(g(ams1)same) 0
and

lym+1 — zoll < [[ym+1 — Tma1 |l + |Tma1 — 2oll < bmy1 — amr1 + ame1 — ao
= bm+1 < CL*.

Hence, the induction for the assertions (3.2)-(3.6) is terminated and the iterates @, Ym, 2m €
P(xg,a*). It follows from the validity of these assertions and the convergence of the real sequence
{am} that the sequence {z,,} is Cauchy. But B is a Banach space. Therefore, there exists
d € Plxo,a*] so that limy, 100 &, = 0. Moreover, the estimate (3.9) for m — +oo and the
continuity of the operator H imply H(J) = 0. Furthermore, the estimate

[#mtj — Tml < amsj — am

becomes (3.6) if j — +o0. O
Remark 3.2. Assume:
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(Ts) | M~ ([, w03 H] — M)|| < va(||2 — o)

for each x € D, where v : T — R is CNF.
The condition is weaker than the first condition in (I's) and the function v; is tighter than vy. Then,
the motivation for the definition of the function g follows from the calculation

u—1x9=x—x9+ oH(z) — oH (x0) + 0H (20)
= (I 4 o[z, x0; H])(x — xg) + 0H (x0),

50
lu = ol = (|1 + oM|| + [ol[[ M |lvi([|lz — @ol))[lz — ol| + [o[|[H (z0)]|-
Hence, we can choose
9(t) = (I + oM|| + [ol[| M lv1(£))t + |ol[[H (z0)]]-

Under this choice of g the second condition in (I's) can be dropped.
The condition (I'7) can be replaced by

(T'7)" Plxo,a) C D, where a = max{a*, g(a*)}.

The function vg, v can be chosen as the ones in Remark 2.2 with xq replacing 6.
Possible choices for the linear operator M are:
The differentiable case: M = H'(xg).
The non differentiable case: M = [ug, xo; H| provided that [ug, zo; H]™' € L(B).
Other choices are chosen depending on the concrete application at hand so the convergence results
are optimized.
The isolation of a solution region is determined next.
Proposition 3.3. Assume :
There exists a solution T € P(xq, ps) of solution H(x) = 0 for some ps > 0, The first condition in
(T'3) is validated on the ball P(xq, ps) and there exists pg > ps such that

1M ([, 2; H] = M)|| <va(||T — woll, [l — o)),
02(p57 P6) <17
where vg : T x T — R is CNF.
Let Dy = D N'Plxo, ps]. Then, the only solution of the equation H(x) = 0 is T in the region Dy.
Proof. Let y € Dy satisfy H(y) = 0. Define the divided difference [z,7; H]. This is possible if

Yy # Z. Then, we obtain in turn by the conditions

1M (7.3 H] = M)|| <va ([T — o, |7 — o)

<va(ps, ps) < 1,

thus [z,7; H]~! € £(B). But the identity
0= H(z) ~ H() = [7,5 H)7 - 7)

leads to a contradiction and the divided difference [Z,7; H] can not be defined. Therefore, we
conclude that y = 7. O
Remark 3.4.

(1) The condition (I'7) can also be replaced by
(I'7)" P(x0,p2) C D.
(2) Under all the assumptions (I'1)-(I's) in Proposition 3.3, set T = § and a* = ps.
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4 NUMERICAL EXAMPLES

A local example is given first. The solution in the second example is obtained by using the

method (1.2) to solve a non differentiable equation.
Example 4.1. Let B = R3 and D = P[§,1]. Consider the mapping on the ball D be given for

v = (aq, az, 043)T as

-
e—1
1) = (S50t + a1+ piod + podias + o+ piod pua? + puad e 1)
where p;,7i =1,2,...,6 are real parameters.

The Jacobian is given by

(e—1Dar+1 2pias 2pras
H'(y) = 2p3ay 1 2psai3
2psa 2psay  €Y?

It follows that the solution v* = (0,0,0)" and H’(y*) = I the identity mapping with choice
M = H'(y*). Then, the conditions (A;)-(A7) are validated with f as given in Remark 2.2 if we
choose for

[z, y; H] = [y H'(y + 0(z — ))do -

wols,t) = %(e— 1)(s+ 1),
(s, ) = %(e— 12 + 5),
01 (t tarts) = ~(e — 1)ty + ta + t3),

2
wa(ty, ta, t3) = wi(ts, t2,13)

and

1
ws(t) = 5(6 — 1)t.
Taking ¢ = 1 and using condition (Ag), the radius of convergence s* = 0.1082840288335114.
Example 4.2. Let H : B — B be a mapping. Recall that the standard divided difference of
order one when B = R¥ is defined for I = (Iy,lo,...,lx)", @ = (q1,q2,...,qr) ", 4 = 1,2,3,...,k,
j=1,2,3,....k by

Hj(Qh o 7qi—17qiali+17 .. 7lk‘) - H](Qh cee 7qi—17livli+17 .. 7lk)

a.l-H o=
[q7 1) ]J qZ_lz

provided that ¢; # [;.
The solution is sought for the nonlinear system

ity +t3 -1+t — 1] =0,
th gt — 14 |t =0.

Let H = (Hy, Hy) for (t1,t2) € R?, where

Hy(ty,ta) =33ty + 15 — 1+ |t; — 1| and
Hy(ty,ty) =t} 4 t1t3 — 1+ |to].
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Then, the system becomes
H(t)=0 for t=(t,t2)".

The divided difference L = [-,-; H]| belongs in the space Max2(R) and is the standard 2 x 2 matrix
in R? [7]. Let us choose xg = (5,5) . Then, the application of the method (1.2) gives the solution ¢*
after three iterations. The solution t* = (¢f,5), where

t7 = 0.894655373334687
and

t5 = 0.327826421746298.

5 CONCLUSION

A number of problems arising in diverse disciplines are formulated in form of an equation or
system of equations in abstract spaces many of which are nondifferentiable. Thus, to handle the
solutions of such equations, researchers have developed the methodology to overcome this issue which
can also be applied to solve the differentiable equations. However, the same methodology can be
applied on other methods utilizing the inverses of linear operators. Further, numerical experiments
are performed that demonstrates the theoretical part. In our future research the methodology shall be
extended to extend the applicability of multipoint and multi-step methods [1,9,11,14-16,18,19,21,22].
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