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Анотацiя. Дослiджується задача реконструкцiї тривимiрної геометрiї поверхнi
обличчя з послiдовностi RGB-зображень. Глибина точок в кожному кадрi попередньо
оцiнюється згортковою нейронною мережею, яка забезпечує початкове хмарне
представлення поверхнi. Для перетворення цих дискретних спостережень на
згладжену та топологiчно узгоджену тривимiрну модель, сформульовано варiацiйну
задачу мiнiмiзацiї функцiоналу, що поєднує три складовi. Перша складова вимiрює
вiдхилення вiдновленої поверхнi вiд прогнозованої мережею глибини, забезпечуючи
узгодженiсть даних; друга – диференцiальний регуляризатор кривини поверхнi –
пригнiчує локальний шум та зберiгає деталi поверхнi; а третя — часово-узгоджувальна
складова, яка обмежує надмiрнi коливання мiж послiдовними кадрами, дозволяючи
лише справжнi змiни виразу обличчя. Запропонована схема дискретизацiї поверхнi
базується на модифiкацiї трiангуляцiї Делоне у тривимiрному просторi, яка зберiгає
локальнi геометричнi властивостi та забезпечує лiпшицевi оцiнки похибки для
доданка узгодження з даними. Оптимiзацiя виконується явною iнтеграцiєю
дискретного лапласiвського потоку на вершинах сiтки; локальний оператор усуває
потребу в глобальному розв’язуваннi розрiджених систем i зберiгає лiнiйну складнiсть
обчислень для кожного кадру вiдеопотоку. Експериментальна оцiнка на наборах
даних показує, що запропонований гiбридний пiдхiд стабiльно зменшує геометричну
похибку та пригнiчує часовi артефакти порiвняно з класичними ключ-точковими i
суто нейронними методами, однак це досягається цiною дещо вищої щiльностi сiтки
та потреби у налаштуваннi ваги регуляризатора.

Abstract. The paper addresses the reconstruction of three-dimensional facial geometry
from a sequence of RGB images. For every frame, a convolutional neural network estimates
per-pixel depth, yielding a point-cloud representation of the surface. To convert these
discrete observations into a smooth, topologically consistent 3-D model, we adopt a
variational formulation that seeks to minimise an energy functional comprising three
terms. The data-fidelity term drives the reconstructed surface toward the network-
predicted depth; a geometric-smoothness term penalising surface curvature to suppress
noise and preserve detail; and a temporal-coherence term that discourages spurious frame-
to-frame jitter while allowing genuine facial motion. Surface discretisation is performed
by a modified three-dimensional Delaunay triangulation that preserves local geometric
relations and provides Lipschitz-consistent error bounds for the data term. Optimization
proceeds via explicit integration of a discrete Laplacian flow on the mesh vertices; this local
operator obviates the need for global sparse linear system resolution while maintaining
linear computational complexity per video frame. Experiments on the datasets confirm
that the proposed approach consistently reduces geometric error and mitigates temporal
artifacts relative to classical keypoint-based and purely neural methods, albeit at the
cost of a slightly denser mesh and the need to tune the regularization weight.
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1 Introduction
Reconstructing three-dimensional (3-D) geometry from visual data is a canonical inverse problem

in computer vision: we observe 2-D measurements on the image plane and infer the unknown 3-D
surface that could have generated them. Specifically, an RGB photograph recorded by a pinhole
camera can be viewed as a mapping

I : Ω ⊂ R2 −→ R3,

where the domain Ω denotes the set of pixel coordinates and each value in R3 encodes the red,
green, and blue colour channels. If a depth sensor is available – or, as in this work, a neural network
supplies a depth estimate — one obtains an additional scalar field

D : Ω ⊂ R2 −→ R,

whose value D(x) equals the distance from the optical center to the visible surface along the viewing
ray that passes through x. Our goal is to recover a surface embedding

S : Ω ⊂ R2 −→ R3

so that when S is projected through the known camera model P its image reproduces the data

P
(
S
)
≈ I. (1.1)

Approximation (1.1) defines the forward process, whereas the inverse problem—finding S given I
(and possibly D) — is notoriously ill-posed: infinitely many geometries can cast the same colours
onto the sensor. To select a unique, physically plausible solution, one must inject priors, such as
smoothness, rigidity, or conformity to a statistical shape family learned from data. In practice, these
preferences are enforced by augmenting the reconstruction objective with a penalty functional that
steers the solution toward surfaces matching the chosen prior while remaining consistent with the
visual evidence.

In the sequel we show how a curvature-based regularizer, combined with a data-driven depth
prediction, yields a surface that not only fits each frame in a video stream but also remains stable
over time, a property essential for reliable facial analysis, animation and authentication.

1.1 The state of the art
Research on 3-D reconstruction now coalesces around three methodological currents, each

representing a different compromise between hardware complexity, data availability, and the geometric
fidelity ultimately achievable. First, multi-view stereo (MVS) and structure-from-motion (SfM) exploit
photometric consistency across several calibrated photographs: camera intrinsics and extrinsics are
refined jointly with scene points via bundle adjustment, and dense depth is obtained by solving a
variational optimization problem whose data term enforces brightness constancy while an epipolar
prior constrains the search space [29]. When the imaging baseline is sufficiently wide and the scene
is static, these pipelines routinely attain high accuracy; nevertheless, their reliance on multiple
viewpoints makes real-time or hand-held operation onerous, and performance degrades sharply for
non-Lambertian surfaces or dynamic content.

A second line of work replaces algorithmic inference with active depth sensing. Structured-light
projectors, time-of-flight cameras, and lidar emit coded signals whose return delay or deformation
yields a direct metric measurement of range [41]. By sidestepping the ill-posed inverse problem,
such devices deliver per-pixel depth at video rates; yet they are not without drawbacks. Sensor-
specific systematic errors, such as multi-path interference, motion blur, speckle noise arise under
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strong ambient light, and the added cost, power consumption, and bulk of the hardware constrain
deployment to indoor or robot-mounted platforms.

The third and now dominant current advocates monocular, learning-based reconstruction. Deep
neural networks trained on extensive shape corpora internalise a statistical prior and map a single
RGB frame to a surface either explicitly, by regressing vertex coordinates, or implicitly, by decoding a
continuous signed-distance or radiance field [38]. These models dispense with auxiliary hardware and
tolerate moderate non-rigid deformation, yet their predictions remain probabilistic: distributional
shift, sensor noise, and out-of-catalogue poses manifest as holes, distorted silhouettes, and a loss of
high-frequency detail, thereby limiting reliability in safety-critical or metrological contexts.

Collectively, these trajectories delineate a design spectrum whose extremes are geometry-rich but
data-hungry MVS/SfM pipelines, hardware-intensive active sensors, and flexible yet artifact-prone
monocular neural regressors. Their complementary strengths invite hybrid frameworks that harness
deep priors for coarse shape estimation and subsequently impose variational regularity to guarantee
geometric consistency—all while maintaining the low hardware footprint of monocular capture. The
approach advanced in this paper occupies precisely this middle ground.

1.2 Motivation

Among all reconstructed objects, the human face occupies a singular position: small geometric
details — wrinkles, pores, the bend of a lip—carry identity and expression, yet the surface is
soft, constantly moving, and partly hidden by pose or lighting. Robust capture of such detail is
indispensable for biometric authentication [13], believable telepresence avatars [43], and surgical
planning where quantitative morphology must be preserved.

3-D morphable models (3DMM) tackle the problem by learning a low-dimensional shape basis
from laser scans and fitting new faces with linear regression [6]. The approach is fast and robust but
smooths away individual features. CNNs that output dense UV position maps preserve more detail
and run in real time [14], yet their predictions inherit sensor noise and often fail under extreme
pose or harsh illumination. Implicit neural representations—signed-distance or radiance fields—push
fidelity even further [21], but their heavy optimization makes them impractical for video on everyday
hardware.

A face-specific solution must therefore reconcile three competing objectives: stable tracking across
an RGB stream, low computational cost, and guarantees against fake artifacts. These requirements
point to hybrid methods. A fast CNN supplies an initial depth map, and a variational step then
refines it: the data term keeps the learned global shape, while a curvature-based regularizer removes
noise and densifies the mesh exactly where facial anatomy is most informative. The framework
developed in the next sections shows that this combination can deliver real-time results without
giving up either detail or mathematical soundness.

1.3 Contribution and novelty

The present work puts forward a combination of a lightweight, single-view depth prediction
network with a classical, variational surface-smoothing step, yet still runs nearly in real time. The
key idea is to regard the depth produced by a lightweight CNN not as ground truth but as a soft
observation inside a biharmonic energy functional. In practice, this means we start from the coarse
depth estimate given by the CNN and then smoothly adjust it so that small artifacts and noise are
removed without losing important facial details such as the nose ridge, eyebrows, and lip contours.

To make this efficient, we build a single Delaunay-based triangular mesh for each video sequence
and compute two fixed matrices that encode how to measure and penalize surface bending. Since
these matrices depend only on the mesh connectivity (which never changes from frame to frame), we
can factor them once and then reuse that factorization for every new frame. As a result, each time
we get a new depth estimate from the network, we simply solve a very fast linear system to update
the surface. Adding an extra term that links consecutive frames keeps the reconstruction temporally
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coherent, and it only requires adjusting the right-hand side of our linear system—again, without
refactoring.

The mesh creation itself is also carefully designed for speed and quality. We take the image
rectangle and extend it into a prismatic volume based on a plausible depth range, then run a
volumetric Delaunay tetrahedralization. From this tetrahedral mesh, we extract nearly flat boundary
faces that face the camera. This “extruded Delaunay” construction produces triangles of good
shape (avoiding overly sharp or skinny elements), which keeps our mass and stiffness matrices well
conditioned even when the face is viewed at an angle. Finally, we run a quick, curvature-driven
vertex adjustment that pushes mesh points toward areas with strong wrinkles or folds (such as
around the eyes and mouth), automatically refining important features without slowing down the
overall process.

In short, by combining the network’s fast, per-pixel depth predictions with a single, pre-factored
biharmonic smoothing step and an angle-controlled mesh, we achieve a pipeline that delivers smooth,
plausible face reconstructions with configurable parameters. This design preserves genuine facial
geometry better than simple smoothing or linear transformations, reduces noise and artifacts, and
runs fast enough to be used in near real-time settings.

Hybrid approaches that fuse CNN-based depth with geometric regularizers do exist in adjacent
domains such as real-time hand tracking [44] and large-scale urban modelling [26]. To our knowledge,
however, no previous work targets monocular, real-time face capture with a pre-factored fourth-
order biharmonic operator whose matrices stay fixed for the whole video; this combination of (i)
single-factorisation, (ii) temporal reuse, and (iii) an angle-controlled extruded-Delaunay mesh is
therefore the main technical novelty of our approach, rather than the introduction of an entirely
new paradigm.

2 Problem formulation
Consider a video stream composed of a sequence of RGB images captured at discrete time steps

k = 1, . . . , N . Each frame Ik is mathematically represented as a vector-valued function defined over
a two-dimensional rectangular domain

Ik : Ω ⊂ R2 → R3,

where Ω = [0,W ]× [0, H] denotes the set of pixel coordinates, W,H ∈ N are the image width and
height in pixels, and the codomain R3 stores the red, green and blue intensities at every pixel location
x ∈ Ω.

A pretrained convolutional neural network (CNN)

Pd : L2(Ω;R3) −→ L2(Ω)

is assumed Lipschitz on bounded sets ; no property beyond measurability is needed in the analysis. It
produces, for every frame, a dense depth map

Dk(x) = Pd(Ik)(x), Dk : Ω→ R,

where Dk(x) is the estimated distance from the camera centre to the first surface point intersected by
the viewing ray through pixel x. Inevitable errors in Dk arise from image noise, shading ambiguities
and network approximation.

In practice, Pd is realised by a lightweight U-Net–style CNN [27]; the Lipschitz assumption
merely guarantees that Dk remains bounded in L2(Ω) and is therefore harmlessly mild.

Camera geometry and pixel rays. Let x = (u, v) ∈ Ω denote discrete pixel coordinates (origin at
the top–left of the image, u horizontal, v vertical). The k-th video frame is captured by a calibrated
pin-hole camera whose extrinsic parameters are
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Rk ∈
{
R ∈ R3×3 | R⊤R = I3, detR = 1

}
,

ok ∈ R3,

where I3 is the identity matrix 3× 3 and ok is the optical center in the world coordinates. Adopting
the world-to-camera convention we store instead

tk := −Rkok ∈ R3,

so every world point X(w) ∈ R3 maps to camera coordinates as

X(k)
cam = Rk

(
X(w) − ok

)
= RkX

(w) + tk.

Thus Ok = (0, 0, 0)⊤ is the camera centre in its right-handed local frame, whose +z axis points
forward.

The intrinsic calibration matrix is

K =

fx 0 cx

0 fy cy

0 0 1

 ∈ R3×3,

with focal lengths (fx, fy) (pixels) and principal point (cx, cy). Given a pixel x = (u, v) we un-project
the homogeneous image coordinate∗

d̃k(x) = K−1

uv
1

 ∈ R3.

Normalising in the Euclidean norm ∥v∥2 :=
√
v⊤v gives the unit direction

ρk(x) =
d̃k(x)

∥d̃k(x)∥2
∈ S2 := {v ∈ R3 | ∥v∥2 = 1}. (2.1)

The corresponding viewing ray is the half-line

Rk(x) =
{
ok + τ ρk(x) | τ ≥ 0

}
,

where τ is measured in meters.
All distance values are expressed in metres.
For the narrow field-of-view lenses used in our data, ρk(x) ≈ ez := (0, 0, 1)⊤; this simplification

is illustrative only and is never used in the derivations that follow.
Our objective is to reconstruct a temporally coherent sequence of three-dimensional (3-D) surfaces,

each described by a smooth embedding

Sk : Ω→ R3, k = 1, . . . , N,

where Sk(x) = (Xk(x), Yk(x), Zk(x))
⊤ returns the Euclidean coordinates of the reconstructed point

corresponding to pixel x.
To achieve physically realistic and mathematically stable reconstructions, we impose three

primary requirements on each surface Sk:
∗All vectors are columns unless stated otherwise.
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1. Data fidelity. For every pixel x∈Ω the network predicts a depth Dk(x), namely the Euclidean
distance from the camera centre Ok to the first visible surface point along the unit ray ρk(x)
of (2.1). Given a candidate surface embedding Sk : Ω→R3 we decompose

Sk(x) = d̂k(x)ρk(x) + tk(x),

where
d̂k(x) := (Sk(x),ρk(x))R3 , tk(x)⊥ρk(x),

with (·, ·)R3 denoting the standard Euclidean inner product. The scalar d̂k is therefore the
radial component (i.e. the orthogonal projection of Sk onto the view ray), whereas tk is the
tangential component.

In the noise-free case one would have Sk(x) = Dk(x)ρk(x). We penalise the full vector mis-fit

Edata(Sk) =

∫
Ω

∥∥Sk(x)−Dk(x)ρk(x)
∥∥2
2
dx. (2.2)

Since tk(x) is orthogonal to the ray,∥∥Sk −Dkρk

∥∥2
2
=
(
d̂k −Dk

)2
+ ∥tk∥22.

For a pin-hole camera the true surface has tk ≡ 0, and in practice our smoothness term drives
tk rapidly to negligible values. Hence we may write

Edata(Sk) ≈
∫
Ω

(
d̂k(x)−Dk(x)

)2
dx, (2.3)

which highlights that the integrand is simply the squared depth error in metres.† This observa-
tion matches the data model used in volumetric depth-fusion and ray-aligned signed-distance
methods [10,25]. Using ρk(x) avoids projecting every depth sample onto a single axis; Eq. (2.2)
coincides with the observation model in volumetric depth fusion and ray-aligned signed-distance
methods.

2. Geometric smoothness. To suppress artificial bumps and pixel-scale ripples we penalise
curvature

Esmooth(Sk) =

∫
Ω

∥∥∆Sk(x)∥∥2 dx, (2.4)

with ∆ the component-wise Laplace–Beltrami operator. This biharmonic term is widely used in
mesh fairing and detail-preserving editing [30]; it enforces Sk ∈ H2(Ω;R3), i.e. square-integrable
second derivatives.

3. Temporal coherence. Neighbouring frames should differ only by true facial motion, not by
random jitters

Etemp(Sk, Sk−1) =

∫
Ω

∥∥Sk(x)− Sk−1(x)
∥∥2 dx. (2.5)

The same L2 norm is routinely adopted in real-time RGB-D trackers (e.g. DynamicFusion
and successors [39]) because it penalises mean-squared vertex displacement without freezing
genuine expression changes.

†Expressions (2.2) and (2.3) produce identical gradients once tk→ 0; the implementation keeps the full form, while
(2.3) is shown for interpretability.
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Throughout, we abbreviate the iterated Laplacian by ∆2Sk := ∆
(
∆Sk

)
.

We have now specified three framewise cost terms: Edata(Sk) in (2.2), Esmooth(Sk) in (2.4), and
Etemp(Sk, Sk−1) in (2.5). Following the standard variational nomenclature (e.g. [28]), we call each
such scalar cost an energy. We therefore combine the three energies into the functional

E({Sk}Nk=1) =
N∑
k=1

[
Edata(Sk) + λEsmooth(Sk) + µEtemp(Sk, Sk−1)

]
,

where λ > 0 controls spatial smoothness, µ > 0 governs temporal regularity, and Etemp(S1, S0) is
initialised with S0 = S1 to close the sum.

Physical rationale. A human face seldom intersects the image border; geometry projecting onto
∂Ω is therefore unknown and should be left unconstrained. We model this by forcing zero normal
flux of both the surface and its bending forces,

∇Sk · ν = 0 on ∂Ω, (2.6)

∇(∆Sk) · ν = 0 on ∂Ω. (2.7)

Here ν is the outer unit normal on ∂Ω. Equations (2.6)–(2.7) are the classical free–edge Neumann
boundary conditions for a thin Kirchhoff plate. Equation (2.6) annihilates the normal slope,
preventing the reconstructed mesh from tilting through the image border, whereas (2.7) sets the
bending moment to zero, so the biharmonic regularizer cannot pull vertices across ∂Ω.

With (2.6)-(2.7) built in, we work in the Hilbert space

V := H2
N

(
Ω;R3

)
:=
{
u ∈ H2

(
Ω;R3

) ∣∣∣ ∇u· ν = 0 on ∂Ω
}

i.e. the Sobolev spaceH2 augmented with the essential (Neumann-type) boundary condition∇u·n = 0.
The natural condition ∇(∆u)· ν = 0 required by the weak formulation is not imposed at the space
level; it is automatically satisfied by any minimiser of the biharmonic energy.

Theorem 2.1 (Equivalence of the graph norm) Let Ω ⊂ R2 be bounded and either convex or
of class C1,1. Define the free–edge Neumann space

H2
Ne(Ω) :=

{
u ∈ H2(Ω)

∣∣∣ ∇u· ν = 0 on ∂Ω
}
,

where ν is the unit outward normal. There exist positive constants α0, β0, depending only on Ω, such
that

α0 ∥u∥2H2(Ω) ≤ ∥u∥2L2(Ω) + ∥∆u∥2L2(Ω) ≤ β0 ∥u∥2H2(Ω), ∀u ∈ H2
Ne(Ω). (2.8)

Consequently, the graph norm ∥u∥2L2(Ω) + ∥∆u∥2L2(Ω) is equivalent to the full H2–norm on H2
Ne(Ω).

Proof.For u ∈ H2(Ω) the continuous embeddings H2(Ω) ↪→ H1(Ω) ↪→ L2(Ω) give

∥u∥L2(Ω) ≤ β1 ∥u∥H2(Ω).

Furthermore, the definition of the H2–seminorm yields ∥∆u∥L2 ≤ ∥Hu∥L2 ≤ ∥u∥H2 . Thus

∥u∥2L2 + ∥∆u∥2L2 ≤ (β21 + 1) ∥u∥2H2 =: β0 ∥u∥2H2 .

Because ∇u· ν = 0 on ∂Ω, integration by parts removes the boundary term in Green’s identity,
giving ∥∇2u∥2L2 = ∥∆u∥2L2 . The interior regularity estimate for the Neumann biharmonic problem
( [11, Ch. 5], [1]) asserts that there exists a constant β2 > 0, depending only on Ω, such that

∥u∥H2(Ω) ≤ β2
(
∥u∥L2(Ω) + ∥∆u∥L2(Ω)

)
, ∀u ∈ H2

Ne(Ω).
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Squaring this inequality and setting α0 := β−2
2 yields the left-hand estimate in (2.8). □

We equip V with the graph norm

∥u∥2V := ∥u∥2L2(Ω) + ∥∆u∥2L2(Ω), u ∈ V.

which is a norm on H2
Ne(Ω) by Theorem 2.1.

For fixed parameters λ > 0, µ > 0 we introduce the single–frame bilinear form

aλ,µ(u, v) :=

∫
Ω

(
(1 + µ)u· v + λ∆u·∆v

)
dx, u, v ∈ V.

The bilinear form contains exactly the two quadratic quantities that define the graph norm – the L2

inner-product of u and the L2 inner-product of ∆u. We have

aλ,µ(u, u) = (1 + µ) ∥u∥2L2(Ω) + λ ∥∆u∥2L2(Ω) ≥ c ∥u∥2V ,

with c = min{λ, 1 + µ} > 0. Hence aλ,µ is continuous and coercive on V .
Having fixed the single-frame space V := H2

Ne(Ω;R3), we extend it to the entire video by taking
the N -fold Cartesian product of V with itself

V := V × V × · · · × V︸ ︷︷ ︸
N times

=
{
(S1, . . . , SN ) | Sk ∈ V ∀k

}
.

We equip V with the norm

∥S∥2V :=
N∑
k=1

(
∥Sk∥2L2(Ω) + ∥∆Sk∥2L2(Ω)

)
.

Here each element S ∈ V is the tuple S = (S1, . . . , SN ).
For an arbitrary perturbation Φ = (Φ1, . . . ,ΦN ) ∈ V define the one–parameter family Sε =

S + εΦ. Because every term in the discrete energy E(S) =
∑N

k=1

[
Edata(Sk) + λEsmooth(Sk) +

µEtemp(Sk, Sk−1)
]

is quadratic, differentiation under the integral sign yields

d

dε
E(Sε)

∣∣∣
ε=0

=
N∑
k=1

〈
Sk −Dkρk + λ∆2Sk + µ (2Sk − Sk−1 − Sk+1), Φk

〉
L2(Ω)

. (2.9)

The right–hand side is a bounded linear functional of Φ; indeed, by Cauchy–Schwarz and Young’s
inequalities, ∣∣ ⟨·,Φk⟩L2

∣∣ ≤ (∥Sk∥V + ∥Dk∥L2) ∥Φk∥V , k = 1, . . . , N,

so that ∣∣ E ′(S)[Φ]
∣∣ ≤ ϑ ∥Φ∥V , ϑ = c−1

(
∥S∥V + max

1≤k≤N
∥Dk∥L2(Ω)

)
,

with the coercivity constant c = min{1 + µ, λ} > 0. Having V ′ – the Hilbert–space dual of V,
the estimate above shows ∥E ′(S)∥V ′ ≤ ϑ <∞ and the constant ϑ depends continuously on S, the
mapping S 7→ E ′(S) is continuous from V to its dual V ′. Hence E is Fréchet differentiable on V.

Requiring (2.9) to vanish for every Φk ∈ V gives, frame by frame,〈
Sk −Dkρk + λ∆2Sk + µ (2Sk − Sk−1 − Sk+1), Φk

〉
L2(Ω)

= 0 (∀Φk ∈ V ). (2.10)

Two integrations–by–parts, together with the free–edge Neumann conditions already encoded in V ,
convert (2.10) into the strong fourth–order PDE(

I − λ∆2
)
Sk + µ (2Sk − Sk−1 − Sk+1) = Dkρk in Ω, k = 1, . . . , N. (2.11)
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The operator I − λ∆2 is uniformly elliptic of order 4 and the tridiagonal temporal coupling does not
affect spatial ellipticity.

Introduce the symmetric bilinear form

a(U,V) :=
N∑
k=1

∫
Ω

[
(1+ µ)Uk· Vk + λ∆Uk·∆Vk − µUk−1· Vk − µUk· Vk−1

]
dx, U0 := UN . (2.12)

The diagonal part reproduces the single–frame form aλ,µ(u, v). The single–frame coercivity estimate
aλ,µ(u, u) ≥ c∥u∥2V passes to a(U,U) ≥ c∥U∥2V for the same c = min{1 + µ, λ}, so a is continuous
and coercive on V.

The right–hand side of (2.11) induces the linear functional

ℓ(V) :=

N∑
k=1

∫
Ω
Dkρk · Vk dx, V ∈ V,

which is bounded on V because |ℓ(V)| ≤
(
maxk ∥Dk∥L2(Ω)

)∑N
k=1 ∥Vk∥L2(Ω) ≤ maxk ∥Dk∥L2

√
N ∥V∥V .

For U ∈ V the bilinear form (2.12) splits into

a(U,U) =
N∑
k=1

[
(1 + µ)∥Uk∥2L2 + λ∥∆Uk∥2L2

]
− µ

N∑
k=1

⟨Uk−1, Uk⟩L2 .

Applying Cauchy–Schwarz inequality to the off–diagonal term, |⟨Uk−1, Uk⟩L2 | ≤ 1
2

(
∥Uk−1∥2L2 +

∥Uk∥2L2

)
, and summing over k gives

a(U,U) =
N∑
k=1

[
∥Uk∥2L2 + λ ∥∆Uk∥2L2

]
≥ min{1, λ} ∥U∥2V .

Hence a is coercive with the constant c := min{1, λ} > 0.
By Lax–Milgram lemma there exists a unique S∗ ∈ V such that a(S∗,V) = ℓ(V) for every V ∈ V .

Choosing V = S∗ yields the energy identity

a(S∗,S∗) = ℓ(S∗) ≤ max
1≤k≤N

∥Dk∥L2(Ω)

√
T ∥S∗∥V , (2.13)

where the factor
√
N comes from Cauchy–Schwarz inequality

N∑
k=1

∥Dk∥L2∥S∗
k∥L2 ≤

(
max
k
∥Dk∥L2

)√√√√ N∑
k=1

∥S∗
k∥2L2 ≤ max

k
∥Dk∥L2

√
N ∥S∗∥V .

Dividing (2.13) by the coercivity constant c yields the a-priori bound

∥S∗∥V ≤

√
N max

1≤k≤N
∥Dk∥L2(Ω)

min{1, λ} . (2.14)

The numerator aggregates the worst–case sensor error over the N frames; the denominator shows
how stronger spatial smoothing (λ) or temporal coupling (µ) tightens the bound.

The hyper-parameters are obtained in a reproducible two–step protocol.

1. Temporal pass. Set λ = 1. Increase µ on a short calibration sequence until visual inspection
reveals no frame-to-frame jitter (empirically µ ≈ 5).
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2. Global scaling. Multiply both λ and µ by a scalar γ > 0 chosen so that the residual rk :=
S∗
k −Dkρk satisfies ∥rk∥L2(Ω) ≈ σnoise, where σnoise is the background depth–sensor standard

deviation measured once for the entire data set. In all reported experiments λ = 2.5 and
µ = 12.5.

Theorem 2.2 (Global existence, uniqueness and stability) Let λ > 0, µ > 0 and Dk ∈
L2(Ω) for k = 1, . . . , N . Then the bilinear form a(·, ·) is continuous and c-coercive on V with
c = min{λ, 1} > 0;; the variational problem a(S,V) = ℓ(V) ∀V ∈ V admits a unique solution
S∗ ∈ V; the solution satisfies the a priori estimate (2.14); the Hessian operator A : V → V ′,
defined by ⟨AU,V⟩ = a(U,V), is block-tridiagonal, self-adjoint and positive-definite, and satisfies
σ(A) ⊂ [c, 1+µ+λΛ2

max], where Λmax is the largest (discrete) Neumann Laplace–Beltrami eigenvalue
on the triangulated domain.

Proof sketch. (a) The Cauchy-Schwarz inequality immediately yields the continuity of a(·, ·) on
V. Under the graph norm ∥U∥2V :=

∑N
k=1

(
∥Uk∥2L2 + ∥∆Uk∥2L2

)
we have

a(U,U) =
N∑
k=1

[
(1+µ)∥Uk∥2L2+λ∥∆Uk∥2L2

]
−µ

N∑
k=1

⟨Uk−1, Uk⟩L2 ≥ c ∥U∥2V , c := min{1, λ} > 0.

Hence a is coercive in V by definition of the graph norm.
(b)–(c) The Lax–Milgram lemma on the product space V = [H2

Ne]
N yields existence, uniqueness

and the stability estimate (2.14). Testing the Galerkin equation with V = S∗ and using coercivity
gives exactly (2.14); the

√
N factor is the Cauchy–Schwarz inequality bound for the sum of N

framewise residuals.
(d) Writing the operator in block form

A =


B −µI
−µI B

. . .
. . . . . . −µI

−µI B

 , B := (1 + µ)I − λ∆2

reveals a Hermitian block-Toeplitz structure. Let {−∆φj = Λjφj}j≥0 be the Neumann eigenpairs of
the Laplace–Beltrami operator (Λ0 = 0 < Λ1 ≤ Λ2 ≤ . . .). Because ∆2φj = Λ2

jφj , each block B is
diagonalised by the same eigenfunctions and

σ(B) =
{
1 + µ− λΛ2

j : j ≥ 0
}
⊂
[
1 + µ− λΛ2

max, 1 + µ
]
.

Applying Weyl’s theorem for block Toeplitz matrices [33, Thm. 4.3], the spectrum of A is contained
in [minσ(B) − µ, maxσ(B) + µ ], i.e. in [c, 1 + µ + λΛ2

max] because µ < c. Positive-definiteness
then follows from c > 0. □

Consequence for discretisation. The symmetry and positive definiteness established in The-
orem 2.2(d) are inherited verbatim by the finite-element Galerkin system obtained in Section 4,
because the mesh Laplacian is an L2–projection of ∆. In particular the condition number grows
at most like h−2, so classical multigrid or conjugate-gradient solvers achieve mesh-independent
convergence rates [11, Sec. 11.3].

3 Landmark extraction and refinement
The biharmonic reconstruction of Section 2 treats every pixel with equal confidence. In practice,

however, the silhouette, eye corners, nose tip and lip commissures carry far more geometric information
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than uniform skin areas. Pre-aligning those semantic anchors therefore serves two purposes: it
tightens the data term, so the subsequent variational solver converges in fewer iterations, and it
establishes a consistent correspondence across frames, which stabilises the temporal coherence term.
We obtain the anchors in three stages: classical scale–space keypoint detection, modern CNN-based
landmark regression, and a weighted 3-D Morphable-Model (3-DMM) fit that reconciles the two.

Reliable localisation of salient facial features is the first data–dependent operation that follows
the variational formulation of Section 2. Two complementary traditions coexist. Classical keypoint
detectors such as SIFT [20] and SURF [4] search for photometric extrema in scale space, whereas
modern convolutional networks directly regress a semantically organised set of fiducial points. Our
pipeline harnesses the best of both worlds: a CNN supplies a compact, high-confidence landmark
set, which is then regularized by a statistical face model to align perfectly with the surface variables
introduced earlier.

Classical scale–space detectors. SIFT flags potential keypoints as spatial–scale extrema of the
difference–of–Gaussians

DoG(x, σ) = G(x, kσ)I − G(x, σ)I, (3.1)

where I : Ω→ R is the grey-scale image, G(x, σ) = 1
2πσ2 exp(−∥x∥2/2σ2) is a 2-D Gaussian of

standard deviation σ > 0, k > 1 is a fixed scale-spacing factor, and “∗” denotes convolution.
The subtraction isolates band-pass structure, so local extrema of (3.1) are invariant to uniform
illumination changes.

For each scale–space extremum x⋆ SIFT selects a dominant orientation. All notation follows
Lowe [20]; the implementation details given here reproduce the reference code in opencv [4].

θ⋆ = argmax
θ∈[0,2π)

∑
x′∈N (x⋆)

w(x′)
∥∥∇I(x′)∥∥ δ(θ − atan2

(
Iy(x

′), Ix(x
′)
))
,

where w(x′) = exp
(
−∥x′ − x⋆∥2/(2σ2)

)
weights samples by a Gaussian of standard deviation σ;

δ denotes the Dirac distribution. In practice, since the sum runs over discrete pixels, δ(θ − θ′) is
replaced by a Kronecker delta that increments only the nearest of 36 orientation bins (bin width 10◦);
N (x⋆) is the circular neighbourhood {x′ | ∥x′ − x⋆∥ < 3σ}.

The maximiser θ⋆ is the mode of this weighted histogram. Rotating the local patch by −θ⋆
aligns the dominant gradient with the positive x-axis, conferring rotation invariance.

Spatial pooling. The 16σ × 16σ rotated patch is partitioned into a 4 × 4 grid of square cells
(each 4σ wide). Within every cell we accumulate gradient magnitudes into an eight-bin orientation
histogram centred at 0◦, 45◦, . . . , 315◦. Concatenating the 8-component histogram of each of the
4× 4 = 16 cells yields a vector in R128. Finally the vector is Euclidian-normalised, and its entries
are clipped to 0.2 before a second normalisation, improving robustness to illumination changes [20].

SURF [4] accelerates this pipeline by replacing Gaussian derivatives with box filters evaluated
via integral images; the resulting Hessian approximation

H(x, σ) ≈
(
Lxx(x, σ) Lxy(x, σ)
Lxy(x, σ) Lyy(x, σ)

)
,

where Lpq(x, σ) denotes a box-filtered second derivative of I in directions p, q ∈ {x, y}, is evaluated
in O(1) time per pixel, reducing the cost by roughly a factor of two while producing 64-dimensional
descriptors with slightly lower repeatability.

Although both detectors return hundreds of points on a 256×256 portrait, only a few dozen
semantically meaningful landmarks are required for robust 3-D face reconstruction.

Deep-learning detectors predict a small set Lk = {(ℓi, wi)}Ni=1 of 2-D landmark positions ℓi ∈ Ω
and confidences wi ∈ (0, 1] for every video frame Ik. Modern examples include MTCNN [42],
BlazeFace [5], and MediaPipe FaceMesh [19] return N = 5, N = 6 and N = 468 points respectively.
We adopt MediaPipe and keep the N = 468.
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The running time of the subsequent refinement obeys

Trefine = O(N logN)︸ ︷︷ ︸
landmark indexing

+ O(n)︸ ︷︷ ︸
surface update

,

where n is the number of mesh vertices carried by the variational solver; the first term stems from a
balanced KD-tree built once per frame, the second from a single sparse linear solve.

Let Lk = {(ℓi, wi)}Ni=1 be the 2-D landmarks at video time k, with confidences wi∈ (0, 1]. We
lift each ℓi to a 3-vector in R3n: positions corresponding to ℓi receive the 2-D coordinate while
all other entries are zero. Collecting them yields the sparse vector Lk ∈ R3n, and the diagonal
confidence matrix Wk = diag(w1, . . . , wN ) ∈ RN×N . Because outliers and tracking jitter affect
different landmarks unequally, Yang et al. [40] showed that weighting each pair individually improves
accuracy; our Wk follows that principle.

We estimate pk by the Tikhonov-regularised weighted least squares problem (sometimes called
ridge regression) [17,32]

p∗
k = arg min

p∈Rm

∥∥∥W 1/2
k

(
S̄ +Bp− Lk

)∥∥∥2
2
+ α ∥p∥22, (3.2)

where α > 0 trades data fidelity against the Gaussian prior p ∼ N (0, α−1Im) (c.f. the Bayesian view
of Tikhonov [17, Sec. 2]).

Expanding (3.2) and taking the gradient in p gives

∇pE = 2B⊤WkB p− 2B⊤Wk

(
Lk − S̄

)
+ 2αp.

Setting ∇pE = 0 yields the (weighted) normal equations(
B⊤WkB + αIm

)
p∗
k = B⊤Wk

(
Lk − S̄

)
, (3.3)

where Wk = I [2], B ∈ R3n×m is the morphable-model basis, Lk ∈ R3n the stacked observed
landmark coordinates, S̄ ∈ R3n the mean-shape vector, Im the m×m identity matrix, and α > 0 (we
take α = 10−3), so α that trades off landmark fidelity against the preference for small deformations.
Because B⊤WkB is positive-semidefinite and αIm is strictly positive, the sum is symmetric positive
definite (SPD); hence (3.3) admits the unique solution

p∗
k =

(
B⊤WkB + αIm

)−1
B⊤Wk

(
Lk − S̄

)
.

The system is factorised once by a dense Cholesky decomposition, an O(m3) operation. For the
typical dimension m = 80 this amounts to about half a micro second on the tested hardware
(see [8, p. 7]). As this cost is already negligible relative to the per–frame computations, more
elaborate solvers (e.g. the accelerated routine of [35]) were not pursued.

The shape S0
k := S̄ + Bp∗

k acts as a regularised, landmark-consistent prior for the variational
solver of Section 2.

4 Planar triangulation and Delaunay criterion
Since the bilinear form a(·, ·) is continuous and V -coercive by Theorem 2.2 (a), the weak problem

(2.9)–(2.11) satisfies the hypotheses of Céa’s lemma. It thus admits a conforming P1 Galerkin
realisation on any shape-regular mesh Th ⊂ Ω. We now detail two geometrically equivalent ways of
constructing the simplicial complex Th on which that discretisation is carried out.

(i) Planar approach. Let P = {pi = (xi, yi)}ni=1 ⊂ Ω be the sub-pixel centres with p1, p2, p3, p4
anchored to the corners of Ω = [0,W ]×[0, H]. A constrained Delaunay triangulation Th maximises
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the smallest interior angle subject to the empty-circumcircle predicate

det


xi yi x2i + y2i 1
xj yj x2j + y2j 1

xk yk x2k + y2k 1
xℓ yℓ x2ℓ + y2ℓ 1

 ≤ 0, ∀τ = (pi, pj , pk) ∈ Th,
pℓ ∈ P \ τ,

(4.1)

where “≤ 0” guarantees that no point lies inside circ(τ). The boundary ∂Ω is respected by treating
its four edges as segment constraints that are never flipped. Incremental vertex insertion plus local
edge-flips (Alg. 1) restores (4.1) in O(n logn) time [9,37]. The result is a planar, shape-regular mesh
whose element diameter satisfies h = maxT∈Th diam(T ), where T always denotes a single triangle of
the triangulation Th.

Algorithm 1 Incremental constrained Delaunay triangulation
Require: point cloud P , constraint edges E ⊂ P × P
Ensure: Delaunay mesh Th
1: Th ← ∅
2: for all p ∈ P do ▷ vertex insertion [31]
3: insert p and edge-flip until (4.1) holds locally
4: end for
5: for all (pi, pj) ∈ E do ▷ polyline recovery
6: insert segment, edge-flip until local Delaunay property is restored
7: end for
8: return Th

(ii) Volumetric approach. Let

Zmax :=
(
max

1≤k≤N
max
x∈Ω

Dk(x)
)
+ δ, δ > 0,

be a global upper bound on the depth range observed in the entire video. Depth ranges exceeding
one metre distort the planar mesh when projected into R3. We therefore extrude Ω into the right
prism Π = Ω× [0, Zmax] and compute a constrained three-dimensional Delaunay tetrahedralisation

Kh = CDT
(
Π ∪ Γ;α

)
, (4.2)

where Γ contains the four vertical faces above the image border and α > 0 is an alpha-value in
the sense of α-shapes [34]. In practice α = 1.4h2-D efficiently deletes sliver tetrahedra whose
circumsphere radius exceeds α. CGAL’s exact Delaunay_tetrahedralization_3 routine realises
(4.2) with the same O(n log n) complexity as the planar case.

From the boundary ∂Kh we extract only those triangular facets whose outward unit normal nT
obeys the quasi-planarity filter

|nT ·ez| ≤ η, η ≃ 0.10,

so that each selected face is almost orthogonal to the optical axis ez. The collection Th := {T ⊂ ∂Kh |
|nT ·ez| ≤ η} projects one-to-one onto Ω and is therefore homeomorphic to the planar triangulation;
the 2-D vertex set {pi} is unchanged, only the connectivity differs. Consequently the nodal basis {ϕi}
is valid on either complex, and the surface still inherits the volumetric Delaunay angle-optimality

ρT
hT
≥ ρmin(α, η) > 0, ∀T ∈ Th,

where ρT and hT are the in-radius and longest edge of T and ρmin is the quality constant [34].
Consequently, the extracted surface is free of the highly obtuse, near-degenerate facets that commonly
arise when perspective back-projection is applied to wide-baseline imagery.
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Finite-element space. Either construction delivers a shape-regular simplicial complex Th and its
nodal P1 space

Vh =
{
vh ∈ C0(Ω;R3)

∣∣ vh|T affine ∀T ∈ Th

}
⊂ V.

Fix a frame index k ∈ {1, . . . , N} and let {ϕ1, . . . , ϕn} ⊂ Vh be the usual nodal P1-basis on the
mesh Th. The discrete surface for that frame is expanded as,

Sh
k (x) =

n∑
j=1

skjϕj(x),

and testing a(Sh
k , vh) = ℓk(vh) for all vh ∈ Vh produces the block-tridiagonal system

(M+ λK+ 2µM)sk − µM(sk−1 + sk+1) = bk, k = 1, . . . , N,

where
Mij =

∫
Ω
ϕiϕj dx, Kij =

∫
Ω
∆ϕi∆ϕj dx, bk

i =

∫
Ω
Dkϕi dx, i, j = 1, . . . , n. (4.3)

Here M is the consistent L2 mass matrix, K the biharmonic stiffness matrix, and −µM encodes
temporal coupling. The matrix is symmetric positive definite with at most 13 non-zeros per row; A
Cholesky factorisation with nested-dissection ordering solves one frame in O(n) memory and work;
equivalently, an algebraic-multigrid pre-conditioned conjugate-gradient iterator preserves the same
linear arithmetic cost.

Evaluation of ∆ϕj. Because each ϕj is a piecewise-affine (i.e. P1) basis function, its classical
Laplacian vanishes inside every simplex (∇2ϕj ≡ 0 on T ). The second integral in (4.3) is therefore
assembled in the weak C0 interior-penalty sense [11, Sec. 4.4]: two integrations by parts transfer one
Laplacian onto each test function, producing

Kij =
∑
T∈Th

∫
T
∇(∆hϕi)·∇(∆hϕj) dx+

∑
e∈Eh

γ

he

∫
e

[
[∇ϕi

]
]
[
[∇ϕj

]
] ds, i, j = 1, . . . , n,

where Th is the set of all triangular elements, and Eh the set of interior edges; he := diam(e) is
the local mesh size attached to the edge e; γ > 0 is the (dimensionless) penalty parameter; ∆h is
the element-wise discrete Laplacian; [[∇ϕi]] denotes the jump of the tangential gradient across the
edge e; explicitly, if e is shared by the two neighbouring elements T+ and T− with unit normals
ν+ and ν− = −ν+, then [[∇ϕi]] := (∇ϕi|T+ · ν+) + (∇ϕi|T− · ν−) [3, 12]. On planar meshes the edge
term reduces to cotangent weights; after volumetric extrusion it produces their natural Delaunay
analogue, thereby preserving positive definiteness and sharing sparsity with M.

A-priori accuracy. For a bounded convex polygon Ω the plate operator I−λ∆2 endowed with the
free–edge conditions (2.6)–(2.7) is uniformly elliptic of order 4. Classical regularity for fourth-order
problems therefore guarantees

f ∈ L2(Ω) =⇒ u ∈ H4(Ω), ∥u∥H4(Ω) ≤ Cr∥f∥L2(Ω), (4.4)

see, e.g. [16, Ch. 7]. Applying (4.4) to f = Dkρk yields Sk ∈ H3(Ω), the regularity assumed below.
Let Sh

k ∈Vh be the P1 Galerkin solution on a shape-regular mesh Th with maximum diameter h =
maxT∈Th

diam(T ). Céa’s lemma and the Bramble–Hilbert interpolation inequality for piecewise-affine
functions give

∥Sk − Sh
k∥H2(Ω) ≤ C h ∥Sk∥H3(Ω), (4.5)

where the constant C = C
(
ρmin(α, η)

)
depends only on the Delaunay minimum-angle bound of the

surface mesh and is independent of the extrusion height Zmax. Inequality (4.5) establishes first-order
convergence of the H2 error for the proposed P1 discretisation.

Planar CDT suffices for shallow scenes (ρflat ≤ 0.15), whereas volumetric CDT is invoked
automatically for deeper or wide-baseline captures; in both cases the angle-optimality and the H2

error bound (4.5) remain intact.
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5 Mesh optimization
Having obtained a valid Delaunay triangulation, we refine the geometry by minimising a discrete

bending functional that is the natural finite–element analogue of the continuous Willmore energy [36].
The n mesh vertices are collected in the vector v = (v⊤1 , . . . , v

⊤
n )

⊤ ∈ R3n with vi ∈ R3, and the
connectivity is encoded by the face set T .

For every interior edge eij = vivj shared by the two adjacent triangles τijk = (vi, vj , vk) and
τjℓi = (vj , vℓ, vi) let αij (resp. βij) denote the angle opposite eij in τijk (resp. τjℓi). The cotangent
weight [22]

wij =
1

2

(
cotαij + cotβij

)
, wij = wji,

measures the intrinsic curvature of the edge and is strictly positive on acute meshes. We assemble
the sparse stiffness entries

Kij = −wij , Kii =−
∑
j ̸=i

Kij , (5.1)

so that K is a symmetric, diagonally dominant matrix representing the discrete Laplace–Beltrami
operator.

With (5.1) the discrete Laplacian at vertex i reads

(∆hv)i =
∑

j∈N(i)

wij

(
vj − vi

)
,

where N(i) is the 1-ring of vi. The vector Hi =
1
2(∆hv)i is the mean-curvature normal in the sense

of Meyer et al. [22] and converges to its smooth counterpart as h→ 0.
Let Ai be the mixed (Voronoi) area around vi,

Ai =
1

8

∑
vi∈τ

(
cotαij + cotαik

)
∥vj − vk∥2,

summed over the triangles τ = (vi, vj , vk) incident on vi. The bending energy,

Ebend(v) =

n∑
i=1

Ai ∥(∆hv)i∥2, where Ai > 0 by construction, (5.2)

is the squared L2 norm of the mean-curvature vector and is strictly convex.
Optional vertex constraints C = {(i, pi, wi)}i∈C , with pi∈R3 a target position and wi∈(0, 1] a

confidence, are enforced through the quadratic penalty

Epos(v) = γ
∑
i∈C

wi∥vi − pi∥2, γ ≫ 1,

where γ normalises Ebend and Epos to the same scale.
With A = diag(A1, . . . , An)⊗I3, K = K⊗I3 and the diagonal projector P = diag(w1I3, . . . , wnI3)

(wi = 0 for i /∈ C) we may write

E(v) = v⊤K⊤AKv + γ ∥P(v − p)∥2,

where p stacks the pi. Minimising E gives the normal equations(
K⊤AK+ γP

)
v = γPp, (5.3)
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Algorithm 2 Conjugate Gradient solve for mesh optimization

Require: initial vertex vector x0 ∈ R3n, linear operator A(·), right-hand side b, tolerance ε
1: r0 ← b−A(x0), p0 ← r0

2: for k = 0, 1, 2, . . . do
3: Apk ← A(pk)

4: αk ←
⟨rk, rk⟩
⟨pk, Apk⟩

5: xk+1 ← xk + αk p
k

6: rk+1 ← rk − αk Ap
k

7: if ∥rk+1∥ < ε then break
8: end if

9: βk ←
⟨rk+1, rk+1⟩
⟨rk, rk⟩

10: pk+1 ← rk+1 + βk p
k

11: end for
12: return xk+1

a 3n× 3n SPD system whose condition number is bounded independently of the mesh scale because
wij and Ai are bounded above and below by constants that depend only on the shape-regularity of
Th.

To solve the sparse, symmetric positive-definite system (5.3) at interactive rates, we employ
the (preconditioned) Conjugate Gradient (CG) method as outlined in Algorithm 2. CG typically
converges in just a few iterations, yielding an O(n) per-frame solve cost in practice.

In practice the formulation suppresses visible angle discontinuities and preserves salient features,
because curvature is weighted consistently with the intrinsic geometry of each one–ring.

We denote by nnz(L) the number of non-zero entries of the sparse Laplace–Beltrami matrix L.
For the nested-dissection or algebraic–multigrid ordering used here one has [24]

nnz(L) = O
(
n logn

)
,

so the memory footprint grows only quasi-linearly with the vertex count n.
Because (5.3) is the same for every time step except for the right–hand side γPpk, the costly L is
built once and then re-used for the entire sequence, keeping the optimization stage strictly within
the real-time budget.

The cotangent formulation reproduces all linear functions exactly, so Ebend(v) = 0 if and only
if every one–ring is planar; in particular the minimiser of (5.2) is the best H2 projection of the
continuous biharmonic solution onto the space Vh. Because L is SPD, the discrete problem is
unconditionally stable and the error estimate of Theorem 2.2 remains valid after mesh optimization.

6 Texture mapping and real-time rendering engine
For every time index k the optimization pipeline of Section 2 delivers a triangle mesh

(
Vk, T

)
,

where Vk = {vki ∈ R3}ni=1 are vertex coordinates in object space, Nk = {nki ∈ R3} the corresponding
unit normals, and U = {ui ∈ [0, 1]2} a fixed texture parameterisation that is shared by all frames.
Rendering a colour image amounts to evaluating, for every visible triangle, the mapping

u : Vk −→ [0, 1]2,

followed by illumination.
Affine frame–to–camera transformation. Each homogeneous vertex ṽki = (vki , 1)

⊤ ∈ R4 is mapped
to clip space through the affine chain

ṽclipi = P V Mk ṽ
k
i , (6.1)
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following the canonical OpenGL/Direct3D pipeline [15]. where Mk ∈ R4×4 moves the mesh from
*object* to *world* coordinates, V is the rigid camera transform from *world* to *eye* space, and
P is the perspective projection P = diag

(
fx, fy, (zmax + zmin)/(zmin − zmax), 1

)
completed by the

usual last row (0, 0, 2zmaxzmin/(zmin − zmax), 0), so that (6.1) becomes dimensionless. After the
perspective divide vndci = ṽclipi /

(
ṽclipi

)
w

one obtains normalised-device coordinates that lie in the
cube [−1, 1]3, where the graphics hardware performs visibility checks.

Normal transformation. Vertex normals cannot be transformed with Mk directly when Mk

contains non-uniform scaling, because lengths and orthogonality would be distorted. The physically
correct operation is

νworldi =
(M−1

k )⊤nki∥∥(M−1
k )⊤nki

∥∥ , (6.2)

where the numerator takes the inverse transpose of the linear part of Mk; division by its Euclidean
norm restores unit length [23]. Formula (6.2) follows from the requirement nworldi ·∂j

(
Mkv

k
)
= 0 (j =

1, 2).
Texture sampling and shading. Each barycentric-interpolated texture coordinate u = (ux, uy) ∈

[0, 1]2 inside a triangle indexes an RGBA texture Υ: [0, 1]2 → [0, 1]4. We evaluate

Ctex =
∑

p,q∈{0,1}

wpq Υ
(
ux+(−1)pδx, uy+(−1)qδy

)
, (6.3)

where wpq are the bilinear weights that satisfy
∑

p,q wpq = 1 [18] and δx, δy = 1/(2Ntex) for an
Ntex ×Ntex texture atlas; higher-order anisotropic filtering simply refines the stencil in (6.3).

Physically-based per-fragment shading. For each pixel centre let l ∈ R3 be the unit vector from
the shading point to the light source, v ∈ R3 the unit view direction, and h = (l + v)/∥l + v∥ the
Blinn half-vector. The fragment radiance (RGB) is

C = kaLa + kd (ν ·l)+ LdC
rgb
tex + ks (ν ·h)α+ Ls, (6.4)

where (•)+ = max{•, 0}, La, Ld, Ls ∈ [0, 1]3 are the ambient, diffuse and specular incident light
colours, ka, kd, ks ∈ [0, 1] are surface albedos that may be stored per vertex, α ≥ 1 is the shininess
exponent, and Crgb

tex is the RGB sub-vector of (6.3). Energy conservation requires ka + kd ≤ 1 and
ks ≤ 1− ka − kd [7].

Algorithm 3 lists the minimal sequence of linear–algebra operations that map the definitions
above to a raster image.

Algorithm 3 Mathematical rasterisation of a textured frame
Require: mesh (Vk,Nk,U , T ); model matrix Mk; view matrix V ; projection matrix P ; texture Υ;

lighting parameters (La, Ld, Ls, l); material parameters (ka, kd, ks, α)
Ensure: linear RGB framebuffer I
1: for all vertices i = 1, . . . , n do
2: compute ṽclipi = PVMkṽ

k
i ▷ (6.1)

3: compute nworldi via (6.2)
4: end for
5: for all triangles (i, j,m) ∈ T do
6: perspective-correct interpolate ṽclip, n, u across the raster
7: for all covered pixels p do
8: fetch Ctex from eq. (6.3)
9: evaluate radiance C via eq. (6.4)

10: write C into I(p) with depth test
11: end for
12: end for



130 Modenko A., Diakoniuk L., Yashchuk Y.

7 Numerical examples

In this section, we report and analyze the results of our pipeline on a frame sequence of facial
scans. Specifically, we compare (1) timing and resource usage metrics (build time, solve time, CPU &
GPU load, frame rate), (2) mean-curvature statistics before versus after regularization, and (3) visual
quality of reconstructed meshes (unregularized vs. regularized, plus two simple linear transformations
for baseline comparison). Wherever appropriate, we include smoothed curves to highlight overall
trends rather than frame-by-frame noise.

Dataset. Experiments were conducted on a publicly downloadable yet licence–gated collection of
~50 GB of RGB video.‡ The archive comprises ≈ 1400 clips, each 10–25s long, captured at 720p/25
fps under varied lighting and pose. At an average of 56ms frame−1 (53.5 ms operator build + 2.5ms
solve, Sec. 7), a single desktop processes the ∼ 6.1× 105 frames in ~9.6 h—well within an overnight
batch run—while preserving the real-time capability demonstrated live in Figs. 7.1–7.2.

First, we plot the build-time (in milliseconds) for a single mesh, frame rate (FPS), CPU utilization
(%), and GPU render time (ms), considering we rebuild a mesh every frame. These graphs reveal
how these metrics evolve throughout the sequence and whether any drift or spikes occur when the
mesh connectivity changes.

(a) Solve time per frame (ms, smoothed). (b) Frames per second (FPS, smoothed).

(c) CPU usage (%, smoothed). (d) GPU processing time per frame (ms, smoothed).

Fig. 7.1: Performance metrics over the entire sequence.

Overall, the biharmonic regulariser achieves two complementary goals: (1) it boosts curvature
smoothness by a factor of 10–70 depending on frame index, and (2) it drives the roughness metric
down to ≤0.0002 without erasing semantically important creases such as the nasolabial fold or lip
commissures. Together with the timing results of Section 7, these plots demonstrate that our method
delivers both geometric fidelity and temporal stability at interactive rates.

‡The corpus is freely obtainable for academic use but requires an email request; we therefore refrain from linking
to it directly.
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(a) Mean–curvature improvement coefficient (higher
is better).

(b) Surface roughness: unregularised (solid / left axis)
vs. regularised (dashed / right axis).

Fig. 7.2: Geometry-level impact of the biharmonic regulariser. (a) Curvature-improvement factor
remains above 50 for the first 200 frames and stabilises near 15 thereafter. (b) Roughness drops by
nearly an order of magnitude after regularisation and stays low despite occasional topology changes.

Turning to geometry, Fig. 7.2 (a) reports the frame-wise mean-curvature improvement coefficient—
the ratio of average absolute curvature before versus after smoothing. Values peak at ~70 in the
early frames and stabilise around 15 once the mesh connectivity ceases to change, showing that the
biharmonic term removes high-frequency noise yet preserves large-scale shape.

Fig. 7.2 (b) plots a twin-axis comparison of surface roughness§ for the raw (solid purple, left axis)
and regularised (dashed red, right axis) meshes. The roughness of the smoothed surface is almost an
order of magnitude lower and remains bounded even when new edges appear, confirming that the
regulariser damps mesh chatter without suppressing genuine facial detail.

Finally, Figure 7.3 presents three views of the biharmonic-regularized mesh for representative
frame.

(a) Biharmonic-regularised mesh. (b) First linear transformation. (c) Second linear transformation.

Fig. 7.3: Visual comparison: (a) biharmonic-regularised Delaunay mesh and (b,c) two näıve linear
transforms.

Figure 7.3 demonstrates that rigid rotations of the same surface (subfigures 7.3b–7.3c) cannot
replace the effect of biharmonic regularization itself, which is what yields the smooth, well-connected
mesh in subfigure 7.3a. In particular, although rotations (b) and (c) simply reorient the geometry, they
leave any residual high-frequency artifacts untouched, whereas our variational solver systematically
suppresses spurious spikes while preserving key anatomical cues such as the nose ridge, eye sockets,
and mouth contours.

§Defined as the average absolute deviation of per-vertex normals from their one-ring mean.
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Moreover, our measurements (see Figure 7.1) show that the sparse linear solve itself is extremely
lightweight—around 2.5 ms per frame—while the overall system sustains close to 100 fps (Figure
7.1b), with CPU utilization between 35 – 55% (Figure 7.1c) and GPU draw times under 10 ms per
frame (Figure 7.1d). As a result, the pipeline remains comfortably real-time. Geometrically, after
regularization the average mean curvature is both lower and more stable than before smoothing
(Figure 7.2), confirming that our biharmonic term effectively suppresses high-frequency noise without
collapsing important facial features. Together, these results demonstrate that our approach delivers
anatomically faithful reconstructions at interactive rates.

8 Conclusion

We have presented a hybrid variational–learning framework for real-time, single-view 3-D face
reconstruction that marries the predictive strengths of a lightweight CNN with the geometric
guarantees of curvature-regularized surface optimization. By casting the inverse problem as the
minimisation of a Sobolev-type energy and discretising it via angle-optimal Delaunay triangulation
and linear finite elements, we arrive at a sparse, symmetric system (M+λK)s = b that factors once
and then solves in O(n) time per frame. Temporal coherence is enforced through a simple quadratic
inter-frame penalty, preserving convexity and reusing the same factorisation for streaming video.

Our end-to-end pipeline—spanning CNN and classical landmark extraction, high-quality 3-D
meshing via CGAL, and a custom OpenGL rendering loop—yields sharp, artifact-free reconstructions
without any post-processing. Quantitative metrics confirm that the linear solve is negligible (≈ 2.5
ms), sustaining ≈ 100 fps with CPU loads of 35–55 % and GPU draw times below 20 ms. Qualita-
tively, biharmonic regularization suppresses high-frequency noise yet preserves critical anatomical
features—outperforming both direct depth reprojection and näıve linear baselines.

Because the input data in our experiments were collected under highly varied conditions (lighting,
pose, sensor noise), we have focused here on demonstrating implementation feasibility, performance
stability, and geometric fidelity. A direct, quantitative comparison against existing SOTA monocular
and multi-view methods—while crucial – requires standardized test-beds and carefully matched
datasets. We therefore defer such benchmarking to future work, where we will evaluate our hybrid
approach side-by-side with leading neural and geometric pipelines on common public datasets.

Looking ahead, we plan to integrate full photometric refinement, explore GPU-accelerated
variational solvers, and extend our framework to multi-view and non-rigid capture scenarios. We
believe this principled fusion of data-driven depth estimation and classical geometry processing paves
the way for robust, high-fidelity 3-D face reconstruction in truly unconstrained settings.
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43. Zollhöfer, M., Garrido, P., Beeler, T., et al.: State of the art on monocular 3-D face reconstruc-

tion, tracking and applications. Computer Graphics Forum. 37 (2), 523–550 (2018)
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