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ERROR ANALYSIS OF TRUNCATION LEGENDRE METHOD FOR
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Anoramsi. Mu posriisiiaeMo 3a/1ady YUCEJBbHOrO MudepeHIiioBanas (DyHKIHH i3
3BaKeHnXx KJsiaciB Binepa, sika € pyHIaMEHTAILHOIO B O0UUC/TIOBAIbHINT MaTeMaTuIl Ta
CIPUYUHSIE CYTTEBI TPYIHOII Yepe3 11 HEKOPEKTHICTh: MaJii 30ypeHHs y BXIJHUX JIAHUX
MOXKYTb HMPU3BOJIUTHU 0 3HATHUX HMOXMOOK B HabamxkeHHI moximamx. Mwu Oymayemo Ta
aHAJI3YEMO METOJI yciueHuX psiiiB JIexKaHpa i 3HAXOXKEHHS IOXiTHUX JOBLILHOTO
MOPSIJIKY, BUXOJAYN 3a MEXKi TPIUIINHOTO (POKyCy JIUIIEe Ha MOXITHUX IIE€PIIOro
nopsaaky. MeTos I'pyHTYEThCSI Ha OPTOTOHAJIBHUX BJIACTUBOCTSIX MOMIHOMIB Jlexkanapa Ta
BUKOPHUCTOBYE IapaMeTp yCiueHHs, dKuii 3abe3medye Oasanc MikK MOXUOKOIO allPOKCUMAITIT
Ta 30ypeHHSAMU Y BXiHUX JaHux. Hainr oCHOBHUIT BHECOK IOJISTa€ B OTPUMAHHI sIBHUX
OITIHOK ITOXUOKU K y IHTErpajbHUX, TaK 1 B PIBHOMIPDHUX MeTPHUKaX, IO CYTTEBO
y3araJjbHIOE TONEPeIH] Pe3yIbTaTH, OOMEeXKeHi MEBHUMU BUITaKaMu. MU BCTaHOBIIIOEMO
onTUMAJIbHUI BHOIp mapaMerpa ycideHHs sik (DYHKINI Bij piBHsI IIyMmy, mapamerpa
[JI8JTKOCTI Ta HMOPSIIKY HOXimHOI. AHAJII3 OXOILIIOE IMIUPOKUIl CIIEKTP MapaMerpis, IIo
XapaKTepu3yTh KJac (PYHKIH, MOPSI0K MOXiJHOT Ta METPUKHU SK BXIJIHOIO, Tak i
BUIXiJIHOT'O ITPOCTOPiB. Mu M0Be/IM TOYHICTD 3aIIPOIIOHOBAHOIO METOLY B 3BAXKEHOMY KJIaci
Binepa, 3 HaJlaHHSIM SBHUX MMOPSIIKIB 3012KHOCTI. 3aIPOIIOHOBAHUN HAMHU TEOPETUIHUN
M AXiT I03BOJIsSIE TPAKTUKAM BU3HAYATU ONTUMAJJIBLHUN OaJaHC MiXK O0YUUC/TIOBAILHOIO
CKJIAJTHICTIO Ta TOYHICTIO JIJIsT KOHKPETHUX 3aCTOCYBAHb.

Asstract. We study the problem of numerical differentiation of functions from
weighted Wiener classes. This problem is fundamental in computational mathematics
and presents significant challenges due to its ill-posed nature, where small perturbations in
input data can lead to substantial errors in derivative approximations. We construct and
analyze a truncation Legendre method to recover arbitrary order derivatives, extending
beyond the traditional focus on first-order derivatives. The method utilizes the orthogonal
properties of Legendre polynomials and employs a truncation parameter that balances
the approximation error with the propagation of input data perturbations. Our main
contribution is obtaining explicit error estimates in both integral and uniform metrics,
significantly generalizing previous results that were limited to specific cases. We establish
optimal choices for the truncation parameter as a function of the noise level, smoothness
parameter, and the order of derivative. The analysis covers a comprehensive range of
parameters characterizing the function class, derivative order, and metrics of both input
and output spaces. We prove the accuracy of the proposed method in the weighted
Wiener class, providing explicit convergence rates. Our theoretical framework enables
practitioners to determine the optimal balance between computational complexity and
accuracy for their specific applications.

Key words: Numerical differentiation, Legendre polynomials, truncation method, weighted Wiener classes, error
estimates.
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1 INTRODUCTION

The problem of numerical differentiation poses a central challenge in computational mathematics,
with widespread applications across scientific research and engineering disciplines. This challenge
gains particular prominence in situations where analytical computation of function derivatives
presents difficulties or proves impossible, especially when working with approximate or noisy
functional data. It is noteworthy that numerical differentiation, despite its extensive historical
development, continues to attract significant attention within the mathematical research community
(see, for example, 1] 2], [4], [6], |7], [10-13], [19], [21]).

The fundamental challenge associated with numerical differentiation lies in its inherent instability,
rendering it ill-posed according to Hadamard’s definition. Specifically, small perturbations in input
data can result in substantial errors when evaluating the deviation of approximate derivatives from
exact ones.

The present investigation focuses on the truncated Legendre method for addressing numerical
differentiation problems. It is important to note that this method was initially examined in the
context of numerical differentiation in [20] and [9]. This approach has demonstrated several beneficial
characteristics, notably its straightforward algorithmic implementation and the elimination of
requirements for solving equation systems. Consequently, research of the truncated Legendre method
has been extended to various classes of differentiable functions (see, e.g., [14], [15], [17]).

The aim of our investigation is to derive error bounds for this method when applied to functions
belonging to weighted Wiener classes for the reconstruction of their derivatives of arbitrary order.
In contrast to earlier investigations, which predominantly concentrated on first-order derivatives and
their reconstruction in the metric of specific C' and Lo spaces, we conduct a thorough analysis across
an extensive range of parameters characterizing the function class under investigation, derivative
order, and metrics of both input and output spaces.

In developing our proposed approach, particular emphasis is placed on identifying the optimal
value of the truncation parameter, which minimizes the combined error arising from series truncation
and input data perturbations. We establish explicit relationships between this parameter and the
input data error level, function smoothness, and the order of the derivative.

Our findings possess both theoretical importance, which is crucial for comprehending the
fundamental nature of numerical differentiation problems, and practical significance in creating
stable computational algorithms for diverse applied problems.

We note that our investigation generalizes existing results to encompass derivatives of arbitrary
order and various output metrics (integral and uniform), enabling a more comprehensive characteri-
zation of the capabilities and effective application conditions of the truncated expansion method for
numerical differentiation.

To establish our theoretical framework, we introduce the essential mathematical concepts. We
denote by Ly, 2 < ¢ < 0o, the space of real-valued functions f(¢) that are integrable to the g-th
power on the interval [—1, 1], with norms specified as

1
12 = /1 F@)7dt < 00, 2 << oo,

[[flloo := esssup [f(£)] < o0, ¢ = o0.
te[—1,1]

We employ the system of orthonormal Legendre polynomials {¢y(t)}72, given by

or(t) = VE + 1/2(2kk!)’1d—k[(t2 —-DF, k=0,1,2,....

dtk
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In the Hilbert space Lo, the norm may be represented using these Legendre polynomials as

13 =D 1L om)?s
k=0

where the Fourier-Legendre coefficients are defined by

1
<f790k>=/_1f(t)g0k(t)dt, k=0,1,2,....

Furthermore, we denote C' as the space of continuous real-valued functions on [—1,1] and £,
1 < p < o0, as the space of numerical sequences T = {xy }ren, that satisfy

1
P
< > |xk|p> <oo, 1<p< oo,
_ keNy

1Zle, :==

sup |zg| < oo, p = oo.
keNp

For our theoretical analysis, we introduce the functional spaces

o0

o= Y (max{L ) |(f, on)]* < oo},

k=0

Wh={fela: |f

where ¢ > 0 and 1 < s < co. We employ the same notation for both the space and its unit ball:
WE = {f € Wi ||f|ls,, <1}, which we term a function class. The specific interpretation, space
or class, will be clear from the context. These functional spaces W/ are extensively studied in
approximation theory and are recognized as weighted Wiener classes (as discussed in [8]).
Remark 1.1. We introduce L, r = 1,2, ..., as the space of functions f(t), where f, f', ..., =1
demonstrate absolute continuity on any interval (ni,n2) with 1 > —1 and 12 < 1, and satisfy

/1 (1—t)" (A +8)"|f @) dt < 0.

1
Based on [3], the space LY can be endowed with the norm

T 1
s = (X [ a=of+ i opa) ™
J=0""

and the following equivalence is established 1) f € LY if and only if 2) f € W3.
Any function f(t) from W/ admits the representation

F&) = (f enen(t),
k=0
while its r-th order derivative with r» € N can be written as
FO®) =S (ool (@), (1.1)
k=r

In our problem setup, we assume that the input error measurements are conducted using the ¢,

metric. More precisely, we will deal with a sequence of real numbers f% = {(£?, or) Yren, such that,
for € = {&}reny, &k = (f — f2,¢x), and for some 1 < p < oo, the following constraint is satisfied

1€lle, <6, 0<d<1. (1.2)

The paper is organized as follows. In Sections 2 and 3, we analyze the truncation method and
derive its error estimates in the uniform and Lo metrics, respectively. In Section 4, we provide a
comprehensive analysis for the general L, -metrics with 2 < ¢ < oo, unifying and extending the
results from the previous sections.
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2 TRUNCATION METHOD. ERROR ESTIMATE IN THE UNIFORM METRICS

For reconstructing the r-th derivative (1.1) of functions f € W, r =1,2,..., we implement the
truncation method
N
DY) = D0 el (1), (2.1)
k=r

For our calculations, we need the following formula for differentiation of Legendre polynomials

k—1
=2vk+1/25 Vi+1/2a(t), keN, (2.2)
=0

where in aggregate >." ¢;(t) the summation is extended over only those terms for which k + [ is

odd.

Let us write the error of the method (2.1) as

0 =D = (£ -F 1) + (DY 10 - DY 1) (2.3)
with
N
DR F1) =Y (fren)el (1),
k=r

The parameter N should be chosen depending on §, p, s and p so as to minimize the error
estimate for the method (2.1).

We use the notation A =< B when there are absolute constants Cq,Cy > 0 such that C1B < A <
(5B is true. We adopt the convention that ¢ denotes a generic positive constant, which can vary
from inequality to inequality and does not depend on the values of §, IV, or the function f.

An upper bound for the norm of the first difference on the right-hand side of (2.3) is contained
in the following statement.

Lemma 2.1. Let f € W, 1 <s < oo, u>2r—1/s+3/2. Then it holds
7M]V*,qu%f1/s+3/2'

1F7 =D flle < cllfls

Proof. Using (2.2), we write down the representation

O -DYf) = Y (ool (1) =2 Z VE+172(f, 1) Z Vi 172 9 V(1)
k=N+1 k=N+1 l1=0
k—l* ll—}k
Z VE+12f01) Y. (1+1/2) > (b +1/2)
k=N+1 li=r—1 lo=r—2
lr72_1 lrfl_l
Y (a+1/2) Vi +1/2 ¢, ()
l7,71:1 ZTIO

It is well-known (see for example [18], Theorem 7.3.1) that

‘max [ee(t)] = er(1) == VE+1/2, k=012,
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Now we can estimate

k—1 1—1
IF® - DY flle < 27 Z VE+121(f0m) D (h+1/2) DY (la+1/2)
k=N-+1 lhi=r—1 lo=7r—2
lr73*1 lr72*1 l'r'fl*l
. Z (lr—2+1/2) Z (lr—1+1/2) Z \/lr+1/2||901r”C
lr—2=1 lr—1=1 1r=0
k—1 -1
Z VE+121(f o) Y (h+1/2) Y (la+1/2)
k=N+1 li=r—1 lo=r—2
l'r—3 1 lr—2_1 l'r‘—l_]-
> et 1/2) > (e +1/2) > (I +1/2)
lr—2=1 lr—1=1 lr=0
<e > VEFRLI2E e =c Y R e
k=N+1 k=N+1

Let’s start with the case 1 < s < co. Then using the Holder inequality and the definition of W',
we continue for g > 2r —1/s +3/2

IFO —DPfle <e S kS, g K22

k=N+1

00 1/s 00 (s=1)/s
o[ 5 ) (55 s
k=N+1

k=N+1

< C||f||s MN_“+2T_1/S+3/2.

In the case of s = 1 the assertion of Lemma is proved similarly. 0
Lemma 2.2. Let the condition (1.2) be satisfied for 1 < p < oco. Then for arbitrary function
f € Lo it holds
||D(NT)f _ D](\T[)f(SHC < C(sNQT_l/p+3/2.

Proof. Using (2.2), we write down the representation

DG r(t) — DY () = Z<f 2 on)et —22\/k+1 (f - f‘i@kzsol

k=r 11=0
k— 1* l1—£
—2’"2\/k+1 (f=fe) Y (h+1/2) > (la+1/2)
lhi=r—1 lo=r—2
lr—o—1 -1
: Z r—1+1/2) Z Vi +1/2 o (t (2.4)
lr—1=1 1,=0

Let 1 < p < oo first. Then, using the Holder inequality, we find

k—1 l1—1

N
I f =D Flle <23 VEFI21(F = Foen)l Y (h+1/2) Y (+1/2)
k=r

li=r—1 lo=r—2

lr—2_1 l'r—l_]-

> e+ 1/2) Y (e +1/2)

lr—1=1 1»=0
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1/p / N (p=1)/p
<c Zk2r+l/2 (f — £, 01| < <Z |£k|p> (Z k,(27~+1/2)pfl>
k=r

k=r

< C6N2r—1/p+3/2,

which was required to prove.
In the cases of p = 1 and p = oo, the assertion of Lemma is proved similarly. O

The combination of Lemmas 2.1 and 2.2 gives
Theorem 2.3. Let f € Wi, 1 < s < oo, u>2r—1/s+ 3/2, and let the condition (1.2) be

1
satisfied for 1 < p < oo. Then for N < § »=1/»+1/s jt holds

5 p—2r+1/s=3/2
Hf(f‘) f lo < cé w=1/m+17s

Proof. Taking into account Lemmas 2.1, 2.2, from (2.3) we get
170 = DR e <159 = DR flle + 1§ f = D £l
g N2 N2 2 (e Y

Substituting the rule N =< 57m into the relation above completely proves Theorem. U
In what follows, by card([r, N]) we shall understand the number of points with integer indexes
that belong to the interval [r, N].
Corollary 2.4. In the considered problem, the truncation method D%) (2.1) achieves the

accuracy
p—2r+1/s—-3/2
10 ((Su—l/m—l/5>
on the class WY, > 2r — 1/s + 3/2, and requires
1
card([r, N]) < N < ¢ »-1/p+1/s
perturbed Fourier-Legendre coefficients.

3 ERROR ESTIMATE FOR TRUNCATION METHOD IN Ly—METRIC

Now we have to bound the error of the method (2.1) in the metric of Ls. An upper estimate for
the norm of the first difference on the right-hand side of (2.3) is contained in the following statement.
Lemma 3.1. Let f € Wi, 1< s < oo, u>2r—1/s+1/2. Then it holds

1£7 =D Flla < ell fllogulV #3201/,
Proof. We take the representation

FO) - DY f(t)

h—1 lrll

o) —1
STOVERL2(fe) S 12 Y e+ 1/2) - S Vi 1726, (1)

k=N+1 li=r—1 lo=r—2 =0

N
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and change the order of summation

FO) - DY f(t) =2 Z VET12(f00) > (i +1/2)

k=N+1 li=r—1
lr72_1 l'rfl_l
*
DY (1 +1/2) Z I, +1/2 ¢ Z VE+1/2(f, o8)
lr—1=1 1r=0 k=N+1
lrf,?,—l r 2— 1 lr 2— 1
N G+ Y V20, Y. (o1 +1/2)
ly—2=2 1r=0 lr—1=lr+1
k— lh— 7"+1 l1—}k
= Z VE+1/2(f, 1) z1+1/2 Z V120, Y (la+1/2)
k=N+1 li=r— 1»=0 lo=l,+r—2
lr73_1 l'r72_1
ST 2 +1/2) ST (G +1/2)
ly—o=lr+2 lr—1=lr+1
kfl* ll—i
D SRV EaV AT Z Vi +1/2 ¢, (1 (h+1/2) >, (2+1/2)
k=N-+1 llzlr-‘r’r‘—l lo=l,+r—2
lr73*1 lr72*1
Z (lr—2+1/2) Z (lr—1 +1/2).
lr‘—2:lr+2 lr—lzl'r+1

By interchanging the order of summation with respect to k and I, we obtain

N— 7"+1

O -DPr =2 Vit 12, Z VE+ 1/2(f,01)B

l»=0 k=N+1

SOVEFIZent) S VET2 e B

lp,=N—r+2 k=l +r

where B,i =1 and for r= 2, 3,...

k—1 llfl l'r—3_1 lr—2_1
Bp:= > (412 > (+1/2)... > (hat1/2) Y (-1+1/2)
lh=lr+r—1 lo=lp4r—2 lp—2=lr+42 lr—1=l41

Easy to see that
Bl = ¢*k* 2, (3.1)

where the factor ¢* does not depend on N, k.
At first, we consider the case 1 < s < co. Using Holder inequality and the definition of W}, for
w>2r—1/s+1/2 we get

N— 7‘+1 2
IfO —DP Iz =22 Y (1 +1/2) ( S VEFL2(f,00)B )

1,=0 k=N+1
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2
w27 S ey [ Y Ve 12(f,00)B
lr=N—r+2 k=l,+r
N—r+1 00 2/s 0 2(s—1)/s
<c Y h+172) ( Sk \<f7sok>|8> ( SR )
l»=0 k=N+1 k=N+1
- o 2/s ~ 2(s—1)/s
te S w2 S R TP 3
lp=N—-r+2 k=lr+r k=l,+r
< || f|2, N2 B/ A2
Thus, we find
1 = DR fll2 < el fllsu N2 7412,
In the case of s = 1 the assertion of Lemma is proved similarly. O

Lemma 3.2. Let the condition (1.2) be satisfied for 1 < p < co. Then for arbitrary function
f € Lo it holds

Hpg)f . ,D(Nr)fJHQ < C(SNerl/p+1/2‘

Proof. We take the representation (2.4) and change the order of summation

DY f(t) — D F(t)

N k—1 I1—1 lr—1—1
=2"Y " VE+1/2(f = [, k) (h+1/2) Y (la+1/2)- Z Vie+1/2¢, (t
k=r li=r—1 lo=7r—2
N lT73 1 'r 2— 2 lr72_1
=2 VR - o) D e 12) Y VE 120,00 Y (e +1/2)
k=r lp—o=2 =0 lT,1:ZT+1
N k— li— r—i—l ll—}‘<
= =2 VEH12(f = £ 0n) z1+1/2 Z L+ 1/20,(8) > (a+1/2)
k=r ly=r— =0 lo=l+r—2
l’!‘*3_1 l7‘72_1
> 2t 1/2) Y (1 +1/2)
lp—2=lr+2 lr—1=lr+1
N kfr* kfl* l1—}'K
=2 VEFI2(F = e > V120, > (i+1/2) > (2 +1/2)
k=r 1,=0 li=l+r—1 lo=l,+r—2
lr73_1 lr72_1
Y (e 1/2) > (e +1/2).
lr—2:lr+2 lr—lzlr+1

As a result we have

N

DG f(t) - DY F(t) 27”2 b+ 1720, (8) > VE+1/2(f — £, o) B}

l»=0 k=lr+r
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At first, we consider the case 1 < p < co. Using Hélder inequality, we get

N—r N
DG =D P <2 S o+ 1/2) | S VR L2 1(f — £ en) B
=0 k=ly+r
N N 20/ 20-1)/p
y4
Zl +1/2) | D Il > KT
»=0 k:lr+7' k:lr+T

< ¢ §2N22r=3/2)+2(0-1)/p+2,

In the case of p = 1 the assertion of Lemma is proved similarly. O
The combination of Lemmas 3.1 and 3.2 gives
Theorem 3.3. Let f € Wi, 1 < s < o0, > 2r —1/s 4 1/2, and let the condition (1.2) be

satisfied for 1 < p < oco. Then for N =< § W T it holds

p—2r41/s—1/2

10 =D Iz < e 77w
Corollary 3.4. In the considered problem, the truncation method Dg\?) (2.1) achieves the
accuracy
p—2r+1/s—1/2
[0) <5 w—=1/p+1/s >
on the class Wi u > 2r —1/s +1/2, and requires

card([r, N]) < N =< (TW

perturbed Fourier-Legendre coefficients.

Remark 3.5. In [16] it was shown that on the Wiener classes, Chebyshev polynomials guarantee
in the C-metric a higher accuracy of numerical differentiation than the Legendre polynomials.
However, the Wiener class that uses Fourier-Legendre coefficients is broader than the corresponding
Wiener class that uses Chebyshev coefficients. Therefore, it is not surprising that higher accuracy can
be achieved on narrower classes. Furthermore, a comparison of our results with those in [16] shows
that in the Lo-metric, Legendre and Chebyshev polynomials provide the same order of accuracy.

4 ERROR ESTIMATE IN THE L,~METRICS

In the preceding sections, we have established upper bounds for the accuracy of the truncation
method D](G) (2.1) when measured in the C' and Lo metrics. Now, we extend our analysis to derive
comparable bounds across the complete spectrum of spaces L, for 2 < g < oo.

To facilitate this extension, we introduce several key facts and definitions. A well-established
result (see, for example, Theorem 6.6 [5]) states that for any 2 < ¢ < oo and any algebraic polynomial
Py of degree N

1,,
1Pwllg < e NU=) || Pyl2. (4.1)

Let us define the best approximation quantity as
E = inf —P
N(Fz2= jinf |If = Pll2,

where Il represents the collection of polynomials with degree < N.
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Theorem 11.1 in [5] establishes that for any function g € Ls and 2 < ¢ < oo, the following
inequality holds

o) /¢
lgllq < c {Zk mnlg (9)31} +llgll2| (4.2)
k=1

where ¢ is defined as

g, ifg<oo,
E T N

We now present an upper estimate for the first difference term from the right-hand side of
equation (2.3) in the L, metrics.
Lemma 4.1. Let f € Wl 1 <s<oo, u>2r—1/s—2/q+3/2,2 < q < oo. Then the following
bound holds
Hf(r) _ D](\t)qu < CN7u+2r71/572/q+3/2‘

Proof. Let us define g = f(") — D(NT) f- According to Lemma 3.1, we have

lglla = [1£T) = DY flla < ¢ || flls N HH2 154172, (4.3)

First, consider the case 2 < ¢ < oo. From (4.2), we derive

o] 1/q
lgllg < ¢ {qu3Ek(9)§} +llgllz| - (4.4)

k=1

We separate this summation by k into two components:

N—r
S1=> kP Ei()5,
k=1

[e.9]

So= Y K TEu(9).

k=N-—-r+1

For the polynomial P in E(g)2, we select

0, fl1<k<N-—r
_ (4.5)

DI —DUf k> N—r+1.

Using relation (4.4), we can bound S; as follows. Since we choose P =0 for 1 <k < N —rin
the definition of E(g)2, we have

N—
Eyﬂm wagm=ZWWf ~ DY f13
k=1

N—r
< CNf(,u727“+1/sfl/2)q Z k43 < cNf(,u72r+1/s+2/q73/2)q‘
k=1
For > 2r —1/s—2/q+ 3/2, we can bound Sy as

o0

Sp< > kT - DO f8

k=N-r+1
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o0

<c Z E—(u=2r+1/s+2/q=3/2)q=1 ~ . Ny—(n—2r+1/s+2/q=3/2)q

k=N-—r+1

Consequently, we have
(Sl + S2)1/q < CN7u+2r71/sf2/q+3/2' (46)

Substituting (4.3) and (4.6) into relation (4.4), we obtain

Hf(r) . Dg\r[)qu < C(N7u+2r71/572/q+3/2 + N7u+2r71/s+1/2) — o N—ht2r=1/s-2/q+3/2
Now consider the case where ¢ = co. From inequality (4.2), we have
I9llee < ¢ (S1+ Sz + llgllz). (4.7)
where

N—r
S1 = Z Ex(9)2
k=1
gg = Z Ek(g)g

k=N-r+1

As before, we use P from (4.5) in Ex(g)2. Using estimation (4.3), we derive

N—
aszmw ~ DY fl2
k=1

< ¢ N—BH2r=1/5+1/2 sz 1 — ¢ N—HH2r—1/s+3/2
k=1
For p > 2r —1/s+ 3/2, we have
o0
S< S WO -DPfl
k=N—r+1

oo
<e Z opt2r=1/s+1/2 _  N—pt2r—1/s+3/2
k=N-r+1
This yields
51 4 Sy < ¢ N~HF2r—1/543/2 (4.8)
Substituting (4.3) and (4.8) into inequality (4.7), we obtain

Hf(T) _ D(Nr)fHoo < CN7u+2rfl/s+3/2'

For the case ¢ = 2, the result was established in Lemma 3.1.
Thus, Lemma is fully proven for all applicable values of q. O
Next, we provide an estimate for the second difference term from the right-hand side of (2.3) in
the Lg,-metric.
Lemma 4.2. Let the condition (1.2) be satisfied for 1 < p < co. Then for any function f € Lo
and 2 < g < oo, the following bound holds

IDRS = DR flly < cd N> p2latsl2,
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Proof. From Lemma 3.2, we know
1DV f = DY £z < c6 N2V /re1/2,

Applying inequality (4.1) to the polynomial D](\q;) f— D(NT) f9 of degree at most N, we obtain for any
2<g<

IS £ — DY £lly < e NO=20 DY) f — DY 2|1
< C]\f(lfQ/q) _05N2r71/p+1/2 — 65N2r71/p72/q+3/2’

which completes the proof. O
By combining Lemmas 4.1 and 4.2, we arrive at the following statement.
Theorem 4.3. Let f € Wi, 1 < s <oo, u>2r—1/s—2/q+3/2,2 < q< oo, and let the

1
condition (1.2) be satisfied for 1 < p < co. Then for N < § #=1/»+1/s jt holds

p—2r+1/s4+2/q—3/2

1O =D Sy < e i
Proof. Applying Lemmas 4.1 and 4.2 to equation (2.3), we obtain
1£7 = DR llg < 157 = D Fllg + 1DK f =D £ 1la
< ¢ N~HH2r=1/s=2/q+3/2 | s N2r—1/p=2/q+3/2
— o N2r—2/a+3/2 (N—u—l/s + 5N—1/p) .

1
By substituting N =< § »#—1/p+1/s into this expression, we complete the proof of Theorem. O

Corollary 4.4. For the problem under consideration, the truncation method D](\q;) (2.1) achieves
an accuracy of

p—2r+1/542/q—3/2
0(5 w—1/p+1/s )
on the class Wi, yu > 2r —1/s — 2/q + 3/2, requiring
1
card([r, N]) < N < § w-1/pt1/s

perturbed Fourier-Legendre coefficients.

Remark 4.5. In previous research (see [9]), error estimates for the truncation method D](G) (2.1)
were only established for the specific case where r = 1, p = s = 2, with output spaces limited to C
and Lo. Thus, Theorems 2.3 and 4.3 significantly expand upon these earlier findings by generalizing
to arbitrary values of r, p, s, and q.
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