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Anorama. Y Il cTarTi MH IpeACTABIISIEMO OE3IOXiTHI MeToau 3 ImaM sITTIO, SIKi
JIEMOHCTPYIOTH 3POCTA04i MOPSIKU 3012KHOCT JIJIst PO3B’si3yBaHHs CUCTEM HEJHHIHHUX
piBusgnb. [li meToau 3 mam’aTTiO OOYIOBAHO HA OCHOBI iICHYIOYOTO METOJy YETBEPTOrO
MOPSIIKY 0e3 maM’gaTi MIJIAXOM IAOMpaHHsT YOTUPHbOX PI3HUX BIILHUX ITapaMeTpiB, IO
CaMOKOPEryIOTbCsl, Ha KOXKHOMY iTepariitHomy Kporti. Ilopsamok 36ixkHocTi HOBUX
METOIB 3 IaM ATTIO HoKparneHo 3 4 mxo npubsmsuo 4.23607, 4.44949, 4.56155 Ta
5.23607. O6unc/oBaJibHy €PEKTUBHICTD 3aIIPOIOHOBAHIUX METOIIB TAKOXK JIOCJIIIXKEHO
MTOPIBHSIHO 3 10Ope BiLOMIMI METOAAMU MMOAIOHOT mpuponu. IIpogeMoHCTpOBaHO, 1ITO HOBI
METOJIU 3araJioM MAalOTh BHUINY €(peKTUBHICTD, 1 11efi BUCHOBOK ITi/ITBEP/[?)KEHO IUCETbHUMU
eKCIIepUMeHTaMH.

AsstracT. In the present article, we introduce derivative-free methods with memory
that exhibit increasing convergence orders for solving systems of nonlinear equations.
These with-memory methods are built upon the existing fourth-order method without
memory by adjusting four different free self-corrected parameters in each iterative
step. The convergence order of the new methods with memory is enhanced from 4 to
approximately 4.23607, 4.44949, 4.56155 and 5.23607. The computational efficiency of
the proposed techniques is also examined over well existing similar nature methods. It is
demonstrated that these new methods generally offer greater efficiency and a conclusion
is supported by numerical experiments.

1 INTRODUCTION

When tackling real-world problems in engineering or science, it is common to encounter situations
where one needs to find the solution of a nonlinear system of equations. This is typically expressed
in the form

F(z) =0, (1.1)

where F' : R™ — R™ and D C R™ is a neighborhood of a solution to the system (1.1). These
equations are often challenging to solve exactly, so instead, we aim for approximate solutions.
Iterative methods come into play here, generating a sequence of approximations denoted as z(*),
which under certain conditions converge to the solution of the system.

Among these methods, Newton’s procedure stands out as one of the most prominent. It’s
expressed as

2* D = 2B) _ [F (20)] 71 F (2, (1.2)

denoting as F’(z(®)) the Jacobian matrix related to F. Newton’s method (1.2) is renowned for its
efficiency and straightforwardness along with its remarkable quadratic convergence. Steffensen’s
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method, an alternative approach emerges when the derivative in Newton’s scheme is replaced by the
divided difference [z 4+ F(x), x; F|. Steffensen’s method, highlighted in the ref. [17], is derivative-free
and also exhibits quadratic convergence. However, a potential drawback of methods like Newton’s is
the computation of the inverse of Jacobian matrix in the iterative expression. This step can pose
challenges when the function under study is non-differentiable, its derivative is computationally
expensive or the Jacobian matrix is singular.

Several Newton-like methods have been developed, utilizing diverse techniques such as weight
functions, direct composition, and Jacobian matrix approximations via divided difference operators.
As a result, various iterative strategies for solving F'(z) = 0 have been analyzed, each demonstrating
different convergence orders. These approaches are designed to accelerate convergence or improve
computational efficiency.

In recent studies [5], [7], novel parametric families of iterative techniques have been introduced,
presenting a rapid approach for solving such problems. Additionally, earlier contributions [2],
[14] presented various iterative methodologies that circumvent the need for the Jacobian matrix,
demonstrating favorable orders of convergence. These methods substitute the Jacobian matrix F’(—)
with the divided difference operator [—, —; F].

The primary objective of this research endeavor is to devise derivative-free methodologies
characterized by both high convergence orders and low computational expenses. To achieve this goal,
we introduce novel derivative-free techniques boasting fourth-order convergence. These methods are
designed to minimize the utilization of function evaluations and inverse operators in their iterative
schemes, thereby ensuring minimal computational burden and maximizing computational efficiency.

Our presentation is structured as follows: In Section 2, we introduce the new methods and
conduct a convergence analysis. Section 3 evaluates the computational efficiency of these methods
and compares them with some well existing algorithms in general terms. Section 4 offers a variety of
numerical examples to validate the theoretical results and compare the convergence properties of
the proposed methods with those of similar nature some well existing methods. Finally, Section 77
provides concluding remarks.

2  WITH MEMORY METHOD AND ITS CONVERGENCE ANALYSIS

In the subsequent section, we aim to refine the parameter § within the iterative method
introduced by Sharma and Arora [16] in order to enhance its convergence rate. Initially, we consider
the fourth-order method without memory, as outlined in the referenced article [16]

y*) = (o) — [w(k),x(k); F]*lF(x(’“)),
et = ) (31— [w®), 2™ F]~! <[y(k),x(k);F] + [y(k)’w(k)?F])) [w®, 2™ FIT ™). (2.0)

In this approach, w®) is defined as w®) = z(*) 4 BF(x(k)), which is represented by M,. The
corresponding error expression for this method is given by

WD = (I + BF' () [A3(5] + BF' () (5] + BF'(a)) = As(I + BF' ()] A2(eM)* + O((e™)?),  (2.2)

where ebt1) = (k1) _ o A; = %[F/(a)]_lF(i) (a). Let a be a solution of the nonlinear system
F(z) = 0. It is clear from the error equation (2.2) that the convergence order of the method is
4 when 8 # —[F'(a)]~!. Now, if we assume 8 = —[F’(a)]7}, it can be shown that the method’s
convergence order increases upto 5. Since the exact value of F'(«) is unknown, we can only use an
approximation of F'(«), based on the available data, to enhance the convergence rate to a certain
extent.

The core concept in developing memory-based methods involves iteratively determining the
parameter matrix [ = Bi(k) (for k =1,2,...). This is done by using an approximation of [F’ ()]~}
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that is sufficiently accurate and based on the available data. We propose the following four forms for
the varying matrix parameter B® (i=1,2,3,4)

Scheme 1.
ng) = w1 k=D, p1,

Scheme 2.
Bék) = 7[21‘(}“) — k=) (=1, F]~h

This divided difference operator is also known as Kurchatov’s divided difference.
Scheme 3.
k - _
BYY = —[2®) y0; FyL,

Scheme 4.
B = —[2a® — k-1 -1, g1,

By replacing the parameter 5 in method (2.1) with the schemes 1 to 4, we derive four new
iterative methods with memory, which are detailed as follows

w® = 2®) 4 BO p(z )y,
Yy = 2®) _ [y ®) 2 ®); Pl (), (2.3)
w1 — ) (31 = [w®), 2™ F] ([y(’“’,x(’“);F] + [y ™), w®; F])) [w®, 2™ F]7 Ry ™),

w®) = 2 4 B p(z k),
Y = 20 [y 8 Fl1 (R (2.4)
2D =y ® — (31 = [w®), 205 P17 (g0, 2®; F] 4+ [y, 0 F]) ) 0,205 P 0),

wh =0 Bék)F(Jc(’“))7
yF) = (o) — [w(k),x(kﬁ); F]*lF(x(’“)), (2.5)
2*HD) = y(®) (31 — [w®, z®); f1 ([y(k),x(k);F] n [y(k)’w(k);FD) [w®,z®); F]~1p(y®),

w® = g® 4 Bflk)F(x(k)),
y® = 5 ® — [u®, 309, |1 p(a ), (2.6)
2040 = ) (37— [ 20 7 (O, 2 F] 4 [y, w®: 7)) ), 20 F 7 O)

To assess the convergence characteristics of the schemes (2.3), (2.4), (2.5), and (2.6), we require
the following results concerning the Taylor expansions of vector functions (for a detailed explanation,
see ref. [12]).

Lemma 2.1. Let F: D C R™ — R™ be p-times Frechet differentiable in a convex set D C R™.
Then for any x,h € R™, the following expression holds

_ ! - 2 | 3 (p—1) -1
F(erh)—F(a:)wLF(x)thiF (x)h* 4+ = F"(x)h”> + -+ FP=(z)hP~" + Ry,

3! p—1!

where .
IRyl < = sup [[F®(z +th)|[|h|P and h? = (h,h,--- ,h).
P o<i<i ——
p—times
In our method, we have utilized the divided difference operator for the multi-variable function F'
(see [1,8,12]). This operator, denoted by [—, —; F], is a mapping D x D C R™ x R™ — L(R™), and
its definition can be summarized as follows
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1
[z + h,z; F] :/ F'(z +th)dt; V x,h € R™.
0

Expanding F'(x + th) in a Taylor series at the point x and integrating, we obtain

o+ b2 F] = /01 F'la + thydt = F'(z) + %F”(x)h +O([h]?). (2.7)

Let e®) = z(®) — o denote the error in approximating the solution « at the kth iteration.
Assuming that [F’(«)]~! exists, we expand F(z*)) and its first two derivatives in the vicinity of a.
This expansion leads to the following expressions

F(a®) = F'(a)(e® + Az(e®)? + A5(e™)® + O([e™|1).
Hence
F'(x®)) = F'(a)(I + 245(e™) 4+ 343(®)2 + O(||e™®|3)) (2.8)

and
F"(z®)) = F'(a) (242 + 643(e™) + O([|e®]?)). (2.9)

The subsequent theorems analyze the convergence rate of the iterative schemes described in
(2.3)—(2.6):

Theorem 2.2. Consider the function F' : D C R™ — R™ is differentiable within a neighborhood
D of the root a of F. Suppose that F'(«) is continuous and [F'(«)]~! exists. If an initial guess
20 is sufficiently close to «, the sequence {a:(k)} generated by method (2.3) converges to o with a
convergence order of 4.23607. Similarly, the method (2.4) yields convergence to the root o with a
convergence order of 4.44949.

Proof. Suppose {m(k)} is a sequence of approximations generated by an iterative scheme converging
to the zero o of F' with an R-order of at least . Then

e(kJrl) ~ D(k,r) (e(k))r

elk+D) o plen) (pk=1ir) (ok=Dyryr D(k,r)(D(k—lyr))r(e(k—l))r? (2.10)
Let
B — ) _ g,
=2® 4+ BOp®) — o
= e 4 B®) p(z®)
= ) + BOF (a)e® + O(|e™ )
= (I+BWF'(a)e® +0(le®|?). (2.11)
The error expression (2.2), may be written as
e® ) = L)1 + BRF () (™) + O(||e®||5), (2.12)

where L) = [A3(51 + BF'(a) (5] 4+ BF'(a)) — As(I + BF'(a))]A. By setting z + h = w®*~ and
x = z®*=Y in (2.7), and utilizing (2.8) and (2.9), we derive

[w*=D 2D F] = F(a)(I + Az(e¥1 4 =Dy 1 O(|le®=1|?)).

Now,
w0, 2 ED; FI1 (1 = Ay(elD) 4 D) 4 O(||e™D|2) F/(a) 7,
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SO

B® = (I — Ayl + D) + O([le*V|2) F'(a) !

and hence
I+ BWF (a) = As(ely ™V + D) + O(|le*V|?). (2.13)

From (2.11) for k£ — 1 index, we have
e = (1 + BEDF ()e® D + O([le=12). (2.14)
By applying equation (2.14) to equation (2.13), we obtain
I+ B®F () = Ay((I + B VF ())e® D + e* =Dy 1 o(|le*V|?)

or
I+ BWF'(a) = Ay(21 + B* D' () + O([|le* Y| 2). (2.15)

Substituting relation (2.15) in (2.12), we obtain
e+ — L) Ay (21 + BEVF! (a))eE=D (e 1 O([|e®)]]).
Therefore, when #*) — o and letting k — oo, we have
e(k—l—l) ~ (e(k))4e(k_1)
~ (D(k—l,r)(e(k—l))r)4e(k—1)
~ (D(kfl,r))4(€(k71))4r+1. (216)
By comparing the exponents of e*~1) on the right side of equations (2.16) and (2.10), we derive the

indicial equation
T2:47'—"1:742_47,_1:0:71:423607

The iterative method (2.3) has a convergence order of 4.23607. Furthermore, by utilizing (2.7), we
can express

(20 —z*=D =D B = B/ () (T+245e% + Ag(e® D)2 —243eM e* =D 1 445 ()21 03([|e®), e*=D ).
Then,
[22F) — (k=D =D 171 — (T — 245" — A3(e®*~Y)2 4 2435 e* =D 1 4(A2 — A3)(e®)D)F' () !
+O03(|[e™, ™).
Here, O3(]|e®), e*~1|)) indicates the sum of all terms of third and higher orders in the error vectors

e® and e~V including mixed terms like e(k)(e(k_l))z, which appear in the local error expansion.
Therefore,

I+ BWF'(a) = 245e™) + A3 )2 — 2430 ek=1) 442 — A3)(eW))2.

Thus, we note that the terms e®), e® =1 (e ))2 or (e(*=1)2 may appear in I + B® F'(a). It
is evident that e®)e(k—1) and (e(’“))2 diminish more quickly to zero compared to e(®). Hence, it is
essential to determine whether e*) or (e(k—l))2 exhibits a faster rate of convergence. Suppose the
method has an R-order of at least p. In this case, we can express

ettt plp) (k)yp

)
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where D*®) tends to D,, the asymptotic error constant, when £ — co. Then, we have
e(k) D(kﬂ,p)(e(k*l))p
(ek-D)2 ~ (ek=—D)2

D(E=1.p) (g(k—1))p

If p > 2, it follows that PG
I+ B®F'(a) ~ (e®*=1D)2, Utilizing the error equation (2.12) along with this relationship, we derive

approaches zero as k — oo. Consequently, for p > 2, we have

e(k—l—l) _ AQL(k) (D(k—l,r))4(e(k—1))4r+2‘ (217)
Equalizing the exponents of e*~1) in equations (2.10) and (2.17), we deduce that
r? =4r 4 2.

The unique positive solution to this equation gives the convergence order of method (2.4), which is
r =~ 4.44949. ]

The two prior methods, both incorporating memory were devised using the variable z(*~Y. Now,
we're about to delve into the consequences of employing the approximation y(kfl) instead. In essence,
we're about to explore the methods (2.5) and (2.6). Continuing our investigation, we aim to establish
the convergence order of the memory-based methods (2.5) and (2.6). This analysis will follow a
similar approach to the one previously outlined.

Theorem 2.3. Consider the function F' : D C R™ — R™ is differentiable within a neighborhood
D of the root a of F. Suppose that F'(«) is continuous and [F'(a)] ™! exists. Subsequently, given an
initial estimate (%) sufficiently close to «, we obtain:

e the sequence of iterates z\¥) | generated by method (2.5), converges to a with order

p = 4.56155.
e the sequence of iterates x¥) | generated by method (2.6), converges to a with order
p = 5.23607.

3 COMPUTATIONAL EFFICIENCY

To evaluate the efficiency of the offered techniques, we will use the efficiency index

1 logp

~logd C
Here, p specifies the convergence order, C' represents the computing cost per iteration and d denotes
the number of significant decimal digits in the approximation z®). For a system comprising
m nonlinear equations in m unknowns, referencing the insights provided in the article [9], the
computational cost per iteration can be expressed as

C(p,m,l) = A(m)p + P(m,1). (3.1)

Here, A(m) signifies the count of evaluations of scalar functions involved in the computation of F
and [z, y; F|, while P(m,[) represents the number of products necessary per iteration. The divided
difference [z,y; F'] of F' takes the form of an m x m matrix with specific elements, as elucidated
in [10]

[l‘y?ﬁF]ij _ fi(xlv T, Y41, ’ym) - fi(xlv L Ti—1,Y5, 7ym); i> 17j < m. (32)

Tj—Yj
It’s worth noting that Grau-Sanchez et al. have proposed a more accurate formulation of the
divided difference [11]. However, the form (3) remains the most widely used in practical applications,
including the present study, where we adopt the same form. To represent the value of C(u, m,[) in
terms of products, we examine the ratio p > 0 between products and evaluations of scalar functions
as well as the ratio [ > 1 between products and quotients. Moreover, in computing the computational

cost per iteration, we rely on the following considerations:
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e The computation of F entails the evaluation of m scalar functions fi, fo, <<+, fm.

e The calculation of the divided difference [z, y; F| involves m(m — 1) scalar functions, as F(x)
and F'(y) are computed separately.

e Each divided difference involves m? quotients, m products for vector-scalar multiplication and
m? products for matrix-scalar multiplication.

e Determining an inverse linear operator involves solving a linear system, which demands
w products and M#m quotients in the LU decomposition phase, as well as
m(m — 1) products and m quotients in resolving two triangular linear systems.

This study systematically evaluates the efficiency of four proposed techniques: M, 41.23607 (2.3),
M} ya040 (24), M} o= (2.5), and M3 560, (2.6), in comparison with existing memory-based tech-
niques, namely M4+ and M} from [4], along with M} 56, M2 936, M3 536, M os6, and M2 as reported
in [18].

M§ is expressed as
2D = g0 _ ) ). p1= e (),

where w®) = g(*) 4 Bék)F(x(k)).
M} is defined as

where w*) = ¢*) 4 Bék)F(ac(k)).
M} 556 is given as
y*) = B _ [ ®) ), 11 (%),
2 = @ — [w® @ P R (yR),
where w*) = ¢(*) 4 Bék)F(:c(k)), Bék) = 2yt — () g k), p1-1,
M? 556 is expressed as
y*) = B — [ ®) 2 ®), 11 (%)),
24D = ) [ B 7Ry ®),

where w*) = ¢(*) 4 Bék)F(x(k)), Bék) = 2yt — g (8) (=D)L,
M3 556 is given as

where w®) = (%) 4 ng)F(:v(k)), Bé = —[2z(F) — y(k=1) 2k, p)=1,
M} 556 is given as
2D = &) — [w®) @) =R (R,
where w®) = (%) 4 Bék)F(x(k)), Bék) = —[3z(%) — 2y(k=1) 2 (k). p]—1,
M? is outlined as
y*) = ) _ [0 ®) 2 ®); 11 R (),
) = yB) _ (R (k). =1 (g (k)
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(k) _oy(k=1) z(k). (k=1) _z(k) (o). o\ —1
where w(k) = x(k) + Bék)F(.T(k)), Bék) —_ _ ([333 2y 7F];[2y D—g® 7F}) )
Based on the given number of evaluations, the efficiency indices of M;; are denoted as E;, while
the computational costs are represented as C;;, as calculated from the formula (3.2). With these
considerations, we can now reformulate the statement

1

2m? + 18mu + 21m + 21ml + 211 — 17) and E} 53697 = 4.23607 “i.2s607 ,

m
Ci23607 = *(
1
CL ioso = (2m? + 12mp + 9m + 15ml + 91 — 5) and E} 44040 = 4.44949 TLasomo

1
Cl 6155 = %(27712 + 12mp + 9m + 15ml 4+ 91 — 3p — 8) and Ej 5155 = 4.56155 “iso155
1
C yasor = %(27712 + 12mp + 9m + 15ml 4 91 — 5) and E3 53507 = 5.23607 %5.23607 ,

1
cl = %(27712+6mu+3m+9ml+3,u+3l—2) and E} = 35
m
- (

Ccr =
57 9

1
o2m? + 6mu + 3m + 9ml + 2+ 31 — 3) and Ei = 5%,
CL g = C2 g = OB g = %(27712 + 6mp+ 3m + 9ml + 2+ 31 — 3) and

1
1 — 2 _ 3 _ ol
Ej 236 = Ela36 = Eiag6 = 4.236 72236,

1

Cf 936 = %(27712 + 6mp + 3m 4 9ml + 2 + 31 — 1) and Ef 535 = 4.236 %1236 ,
a
C2 = %(27712 + 8mp 4 5m + 11ml + 2u+ 31 — 1) and E2 = 5%

3.1 EFFICIENCY COMPARISON
To gauge the computational efficiency index between the iterative methods, such as M]’; and Mg ,
we analyze the ratio
iy logE; _ C’é logp
P4 log E) Cplogg

When R;,’i] > 1, it’s evident that the iterative method M;; is more efficient than Mg. This holds true
especially in scenarios where p > 0 and [ > 1.

1 1
® M 93607 Versus My

Rl _ 3 (2m? + 6mpy + 3m + 9ml + 3y + 31 — 2) log(4.23607)
4.23607,3 W (2m? + 18myu + 21m + 21ml + 211 — 17) log(3)

Here, the condition R411.753607,3 > 1 holds for m > 4, indicating that the efficiency index satisfies
E} 95607 > E3 for m > 4.
o M} 1040 Versus M3

Rl _ 3 (2m? + 6myp + 3m + 9ml + 3p + 31 — 2) log(4.44949)
4440493 ™ (2m2 + 12mp + 9m + 15ml + 91 — 5) log(3)

The inequality Riji494973 > 1 holds true when m > 12, indicating that E} 44949 > F3 for
m > 12.
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1 us M1
M} 56155 versus My

Rl _ 2 (2m? + 6mpy + 3m + 9ml + 3 + 31 — 2) log(4.56155)
4.56135,3 2 (2m?2 + 12mp + 9m + 15ml + 91 — 3 — 8) log(3)

When m > 10, the inequality Rj5¢ 555 > 1 is valid, implying that E} 5155 > E3 for m > 10,
M} 53607 versus M3

11 2 (2m? + 6mpy + 3m + 9ml + 3p + 31 — 2) log(5.23607)

R =
5.23607,3 m (2m?2 + 12mu + 9m + 15ml + 91 — 5) log(3)

When m > 7, the inequality Réé3607 3 > 11is valid, confirming that the efficiency index E%.23607
surpasses E%
Mj 93607 versus My

2 (2m? 4+ 6mp + 3m 4+ 9ml + 2p + 31 — 3) log(4.23607)
% (2m? + 18myp + 21m + 21ml + 211 — 17) log(5)

Lt _
Ry =
In this case, we have Ri’;%w 5 > 1 for m > 4, which means Ej 53507 > E2 for m > 4.

1 1
M 44949 versus My

Rl _ 3 (2m? + 6mp + 3m + 9ml + 2p + 31 — 3) log(4.44949)
4.44949,5 2 (2m? + 12mp + 9m + 15ml + 91 — 5) log(5)

In this scenario, when m > 10, we find that R}lf}l4949 5 > 1, indicating that Ej 44049 > .
M} 56155 versus M3

L _ 2 (2m? 4 6mp + 3m + 9ml + 2p + 31 — 3) log(4.56155)
4.56155,5 2 (2m? + 12mp + 9m + 15ml + 91 — 34 — 8) log(5)

For m > 9, it follows that R}lfém%j > 1, implying that the efficiency index Fj 4,55 surpasses
E}.
M} 53607 versus M3
R _ 2 (2m? + 6mpy + 3m + 9ml + 24 + 31 — 3) log(5.23607)
5.23607,5 2 (2m? + 12mp + 9m + 15ml + 91 — 5) log(5)

It’s a straightforward proof to show that Rfl)ésﬁm 5 > 1 for m > 6. Thus, we can conclude
1 1

E5.123607 > By for m > 6.

M 53607 versus My g6

Rl _ 2 (2m? 4+ 6mu + 3m + 9ml + 2p + 31 — 3) log(4.23607)
4236074236 7 m (9m2 4+ 18my 4 21m + 21ml + 211 — 17) log(4.236)

It’s apparent that for m > 2, the ratio R}ljé3607’ 1236 > 1. This implies that the efficiency index
of M} 93607 is greater than that of My o56. Moreover, considering that the computational cost
and order of methods M7 o3¢ and M3 45 are the same as M 544, We can infer that for m > 2,
E} 93607 1 also greater than E2 555 and E3 o4.

M; 44949 versus My oz

Rl _ 2 (2m? 4 6mpu + 3m + 9ml + 2p + 31 — 3) log(4.44949)
4.44949,4.236 2 (2m? + 12mp + 9m + 15ml + 91 — 5) log(4.236)

It’s evident that Rij4114949 1936 > 1 for m > 6. This indicates that Ei.44949 > Eiz% for m > 6.
Also for m > 6, indicating Fj 44049 > Ei 36 and Ej 44949 > F 536.
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o M} versus M}
4.56155 4.236

Pl T (2m2 4 6my + 3m + 9ml + 24+ 31 — 3) log(4.56155)
4.56155,4.236 — m
3

(2m2 + 12mp + 9m + 15ml + 91 — 3u — 8) log(4.236)

It’s clear that Rijém% 1036 > 1 for m > 5, indicating that Ej 5155 > Ejgg6 for m > 5.
Additionally, for m > 5, we can infer that Ej cs1-= > E2 536 and Ej z6155 > E 936
1 1
® M; 53607 Versus My o3

11 —
R5.23607,4.236 -

2 (2m? + 6mpy + 3m + 9ml + 2p + 31 — 3) log(5.23607)
2 (2m? + 12mp 4 9m + 15ml + 91 — 5) log(4.236)

For m > 4, it’s observable that Réé%m 1036 > 1. This suggests that El g0y > Efosg.
Similarly, for m > 4, it implies that E2 o550, > E7 936 and EL o607 > Ef 936
1 4
® My 3607 Versus My oz6

Rl 2 (2m? 4 6mp + 3m + 9ml + 24+ 31 — 1) log(4.23607)
4.23607,4.236 —

% (2m?2 + 18mp + 21m + 21ml 4 211 — 17) log(4.236)

We can readily demonstrate that R};f§3607,4.236 > 1 holds true for m > 1. Consequently, we
1 4
® My 44949 Versus My o3¢

Rl4 3 (2m? 4 6mp + 3m + 9ml + 24 + 31 — 1) log(4.44949)
4.44949,4.236 —

2 (2m? + 12mp 4 9m + 15ml + 91 — 5) log(4.236)

It’s straightforward to demonstrate that Riji4949 1936 > 1 for m > 6. Consequently, we deduce
1 4
that Ej 44949 > Ej 936

1 A d
® Mj 56155 versus My osq

1,4 .
Ry 56155,4.236 =

ol 3 I3

(2m? 4 6mp + 3m + 9ml + 24 + 31 — 1) log(4.56155)
(2m?2 + 12mp + 9m + 15ml + 91 — 3u — 8) log(4.236)

It’s evident from our analysis that for m > 4, Rif§6155 1936 > 1. Therefore, we infer that
1 4

E4.156155 > Ej936- )

® M; a3607 Versus My gzq

Rl B (2m® + 6mp + 3m + 9ml + 24+ 31 — 1) log(5.23607)
5.23607,4.236 —

2 (2m? + 12mp 4 9m + 15ml + 91 — 5) log(4.236)

Establishing that Réé%m, 1936 > 1 for m > 3 is a straightforward endeavor. Consequently, we
can deduce that E} 53507 > Ef 936

1 2
[ ] M423607 versus M5

Rl _ % (2m® + 8my+ 5m + 11ml + 241 + 31 — 1) log(4.23607)
4.23607,5 2 (2m?2 + 18my + 21m + 21ml + 211 — 17) log(5)

It can be readily confirmed that for m > 1, Rié%m 5 > 1, signifying that Ei.23607 > E52
M} 44049 Versus M2

Rl _ % (2m® + 8my+ 5m + 11ml + 241 + 31 — 1) log(4.44949)
4.44949,5 2 (2m?2 + 12mp + 9m + 15ml 4 91 — 5) log(5)

It’s easily verifiable that for m > 3, Rzllf4214949 5 > 1, indicating that Ej 44949 > E2.
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o M} 555 versus M2

2 (2m? + 8mpu + 5m + 11ml + 2p + 31 — 1) log(4.56155)
2 (2m? + 12mp 4 9m + 15ml — 3p 4 91 — 8) log(5)

1,2 _
Ry561555 =
For m > 1, it’s clear that R411f§6155 s > 1, indicating that B} .5 - > FZ.
o M2 y607 versus M2

™ (9m? + 8mys + 5m + 1lml + 241 + 31 — 1) log(5.23607)
2 (2m? + 12mp 4 9m + 15ml + 91 — 5) log(5)

1,2 o
R5.23607,5 =

For m > 1, it’s apparent that Réj§360775 > 1, implying that El 6., > E2.

The previously discussed results are graphically represented in Figure 3.1.
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(a) Plots for efficiency index values for M{ 554, versus
1ol gl 4 2
Mgz, Mg, My 536, M 236, M3
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m

(b) Plots for efficiency index values for M{ 4,949 Versus
1ol gl 4 2
Mg, Mg, My 536, M 236, M3
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(c) Plots for efficiency index values for M 455 versus (d) Plots for efficiency index values for M2 5340, versus
1ol gl 4 2 1ol gl 4 2
Mg, Mg, My 546, M} 936 and Mg Mg, Mg, My 956, M} 936 and Mg

Fig. 3.1: Comparative plots for efficiency index values of different methods

Figure 3.1 presents a comparative analysis of the proposed schemes, specifically M} 53607, M4 44949
M} c6155, M2 os607- The findings clearly indicate that these methods consistently outperform the
well-established existing approaches, such as M?}, Mé, Mi%ﬁ, Mff_%ﬁ, and ME? This improved
efficiency is consistently observed across all evaluated scenarios.
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4 NUMERICAL RESULTS

In this section, we address several numerical problems to demonstrate the convergence behavior
of the proposed methods. We compare our method with existing methods M?} and M51 in the
given ref. [4], as well as M/} 535, M2 936, M3 o35, M4 oss, and M2 as documented in ref. [18]. The
computations are conducted in Mathematica 8.0 [19]| using multiple-precision arithmetic, set to
2048 digits to ensure high accuracy. To confirm the theoretical convergence rate, we compute the
computational order of convergence (p.) using the following formula [13]

o= log (|| F (= ™)||/||F (= *~ D))
© log([|F(zE=D) /|1 F (2 k=2)]))

This calculation incorporates the last four iterations to determine the convergence rate accurately.
For all proposed and existing methods including M3, M2, M} o5, M2 956, M3 936, M4 936 and M2,
we initialize B™ with B\ = B{"’ = B{’’ = B{") = B{Y = B{" = B{") = B{) = B{") = _¢.011,
where I is the identity matrix.

Example 4.1. Consider the following system of two equations (see [6])

x? - —ai—1=0,
To —sinxzy = 0.

with initial guess z(©) = {2, 2}T. The solution to this system is given by

a = {1.952913098702211788 - - - ,0.927877401589489631 - - - }—r .

Table 4.1: Numerical results for Example 4.1

Methods |z —af [|z® —qaf| ||z® —af ||z® -« Pe CPU
M} 0.259 0.00662 8.69x 1078 248 x 10721 2.710  0.04350
M} 0.0427 1.20 x 107®  4.38 x 10731 4.63 x 107137 4.0963  0.04866
M} a6 0.0427 213 x107%  6.64 x 10726 3.72 x 107199 4.2265 0.03124
M2 os6 0.0427 6.37x 107¢  1.21 x 1072 2.85x 1079  4.2229 0.03128
M3 9s6 0.0427 L12x 1077 126 x 10731 6.06 x 10713%  4.2370 0.04687
M} os6 0.0427 4.66 x 1077 1.51x 1072%  2.07 x 107120 4.2350 0.04683
M2 0.0427 1.68 x 107%  9.87 x 1072 5.73 x 107299 4.9923  0.05958
M} 93607 0.00367  7.94x107!2 570 x 107 6.98 x 107207  4.2433 0.03120
M} 44049 0.00367  5.67x 107 1.66 x 10761 4.15 x 1072™ 4.4525 0.03120
M} 6155 0.00367  2.64x 10712 1.76 x 107%* 1.35 x 107247 4.5686 0.03121
M3 5a607 0.00367  1.12x 10713 459 x 10767 1.34 x 10733 5.0039 0.03121

Example 4.2. Now, considering the system of six equations as described in the ref. [16]

6

Y xj—e T =0,1<i<6

=1,

with initial guess z(®) = {—0.1,-0.1, 0.1, —0.1, —0.1, —O.l}T. The solution of this problem « is

0.168915973499109565 - - - ,0.168915973499109565 - - - ,0.168915973499109565 - - - ,
0.168915973499109565 - - - ,0.168915973499109565 - - - ,0.168915973499109565 - - -

P
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Table 4.2: Numerical results for Example 4.2

Methods ||z —af [|[z® —af [|z®) -« |z — «af| Pe CPU
M3 0.0138 117 x 1078 3.05x 1072 1.50 x 10767 2.779  0.34300
M} 0.000269  5.19x 10720 1.03 x 10780  2.78 x 107323 4.0219  0.45021
M} os6 0.000269  1.10 x 10720 1.19 x 1073 6.65 x 107382 4.2376 0.49723
M2 os6 0.000269  2.46 x 10720 6.69 x 1075  3.35 x 10737  4.2374 0.48420
M3 9s6 0.000269  2.57 x 10721 8.82 x 107  1.18 x 1073%  4.2382 0.49541
M} os6 0.000269  1.04 x 10720 9.68 x 1079  2.78 x 107382  4.2377 0.51674
M? 0.000269  1.99 x 1072*  2.39 x 107!%%  5.85 x 107930 5.0000 0.56555
M} os60r 548 x107% 891 x 10728 2.73 x 107129 3.73 x 107212 4.2357 0.30950
M} ggo00 548 x 1076 4.02 x 10729 8.05 x 107132 6.97 x 107°% 44505 0.34371
M} o155 548 x 1076 9.37x 10730 2,10 x 107138 4.06 x 10763 45625 0.37492
M3 gs607 548 x 1076 212 x 10732 3.28 x 107165 2.87 x 107529 5.0000 0.49408
Example 4.3. Now, considering the system of seven equations (taken from [3])
4
T; — COS in—ij =0,1<:<7
j=1
with initial guess (9 = {0.7,0.7, - - ,0.7}T. The solution of this problem is
o = {0.514933264661129425..., 0.514933264661129425..., ....., 0.514933264661129425...} " .
Table 4.3: Numerical results for Example 4.3

Methods |z —af [|z® —af| [|z® — | |lz® — «f| Pe CPU
M} 0.0173 472 x 1077 580 x 1071  6.48 x 107°2  2.767 0.23766
M} 0.000877  2.85x 1071 1.02x 1079 5.25 x 10724 4.0111 0.42459
M} o6 0.000877  3.12x 10716 1.41x107% 2.09 x 107290 4.2378 0.49129
M2 os6 0.000877  6.84 x 10716 7.31 x 1077 7.42 x 107283 42375 0.41468
M3 9s6 0.000877  7.02 x 10717 9.00 x 10~ 1.95 x 107304  4.2386  0.40035
M} os6 0.000877  3.02x 10716 1.24 x 1079 1.20 x 1072%  4.2379  0.46973
M? 0.000877  5.07 x 10720 1.41 x 10719 2.36 x 10759  5.0000 0.55258
M} 53607 0.000363  6.62 x 10718  3.20 x 10776 2,92 x 107323 4.2362 0.36387
M} 44040 0.000363  6.74 x 1071 4.81 x 1078 4.32 x 107%™  4.4522 0.35929
M} 6155 0.000363  1.27x 1071 513 x107% 4.54 x 10741 4.5608 0.37488
M3 5a607 0.000363  1.77 x 1072!  7.30 x 107198 8.78 x 107710 5.0000 0.35929

Example 4.4. Now, considering the system of ten equations (see [18])

with initial guess z(*) = {0.3,0.3, - - - ,O.S}T. The solution of this problem is

10

1-2 Z z? + arctanz; = 0,1 < i < 10

=1

a = {0.264417769843922183...,0.264417769843922183..., ....., O.264417769843922183...}T .
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Table 4.4: Numerical results for Example 4.4

Methods ||z —a| [|z® —a| ||z® —a| ||z@® — | Pe CPU
M 0.00803 231 x 1077 1.13x 10720 1.14 x 10756  2.704  9.20833
M} 0.000609  1.97 x 10717 3.00 x 107%  1.17 x 10727  4.0413 13.58254
M} 956 0.000609  1.07 x 107! 6.58 x 1070 1.63 x 1072°1  4.2379 14.68128
M3 956 0.000609  2.33 x 1071  3.28 x 10758  4.93 x 10724 4.2376 14.59590
M3 a6 0.000609  2.15 x 1071 2,64 x 1075 212 x 107266 4.2390 14.69543
M} os6 0.000609  9.47 x 1071 3.99 x 10790  1.96 x 1072°2  4.2382 14.14806
M? 0.000609  1.71 x 10717 2.96 x 107 4.62 x 107%**  5.0000 18.78451
M} 53607 0.000172  5.16 x 10717 2.82x 10770 6.67 x 10729 4.2362  9.27908
M} 44949 0.000172  3.90 x 10720 518 x 1078 8.33 x 1073%  4.4543 11.77912
M} 6155 0.000172  1.44 x 10718 9.39 x 10783 1.58 x 10737 4.5613 12.18464
M2 o607 0.000172  3.06 x 10720 550 x 1079 1.02 x 107492 5.0000 12.21653
Example 4.5. Consider the boundary value problem (see [12])
1 3 1
" 3 /
== 3y ———+ = 0)=0 1)=1.
Y=gy 3y —g——+5 ¥(0)=0, y()
Discretizing the interval [0, 1] with a uniform partition
1
ro=0<z1 <20<-"<ap1<zxp=1, x41=x;+h, h=—,
n
we define the discrete values yi, ~ y(x) for k = 0,1,...,n. Using central difference approximations
for the first and second derivatives
r Ykt — Yk—1 v Yk—1 — 2Yk + Yk+1 B
yk"‘Ta Yp ~ 12 ) ]{3—1,2,...,7’L—1,
we obtain the discrete system of nonlinear equations
h2 3 3 2 1 2
Yet1 — 20k + Yk—1 — 5 Yk — SRk — yp—1) + h*—-h"=0, k=12,...,n—1

2

2

2 —xp

2

For n = 5, we solve this system using the initial guess y(© = (1,1,1,1)T, yielding the approximate
solution
o = {0.1100327722..., 0.2477507450...,0.4253757529..., 0.6635723429...} " .
Table 4.5: Numerical results for Example 4.5
Methods |z —af ||z® —a| [|z®) — |l® — Pe CPU
M} 0.0892 436 x107% 530 x 10717 2.04 x 1077  2.8000 0.04686
M3 0.00426  2.04x 1071 3.76 x 107°®  1.37x 1072*  4.0381 0.07811
M} 956 0.00426 ~ 1.42x 10715 518 x 107%  3.40 x 107290 4.2413  0.04690
M2 os6 0.00426 321 x 10715 3.04 x 107%6  2.06 x 107282 4.2410 0.06248
M3 956 0.00426  2.39x 10716 1.04x 107" 228 x 1073% 42423 0.04687
M oa6 0.00426  9.25x 10716 934 x 1079  2.35 x 1072 4.2419 0.04686
M? 0.00426  1.43x 10717 484 x 1079 222 x 10748 5.0045 0.06249
M} 93607 0.00035  2.39x 10720  4.04 x 1078  4.22 x 107380 4.2318 0.03124
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Methods ||z —al ||z —al ||z®) -« |z — «af| Pe CPU
M} 41040 0.00035  2.13x 10722 1.16 x 107101 2,55 x 10745 4.4329 0.04681
M} 6155 0.00035  1.03 x 10722 2.16 x 107106 450 x 107488 45652 0.04683
M3 53607 0.00035  6.29x 1072%  5.72x 1072 4.81 x 107518 50024 0.04682

Example 4.6. Consider a system of nonlinear equations in two variable which involved both
differentiable and non-differentiable components. These equations can be effectively solved only by
employing derivative-free iterative methods (see [15])

1
w%—$2+1+§’1’1—1‘:0,

1
.’I)%—I—l’l—?—l-g’xg‘ = 0.

with initial guess z(9) = {3, S}T. The solution to this system is given by

a = {1.159360850193451399 - - - ,2.3618243420938881695 - - - }T .

Table 4.6: Numerical results for Example 4.6

Methods |z —af ||[z® —a| [|2® —al ||z® -« Pe CPU
M3 0.535 0.0119 1.28 x 1076 2.99 x 10719 3.1820 0.02304
M} 0.195 1.26 x 1075 143 x107% 1.18 x 107116 5.4933 0.03008
M} 9s6 0.195 528 x 107°  1.11x 10719  6.30 x 10782 4.2404 0.02756
M3 o6 0.195 8.48 x 107° 1.62x 10718  1.06 x 10776 4.2418 0.03210
M3 os6 0.195 3.05x107% 320 x 1072%  6.36 x 107106 42520 0.02881
M gs6 0.195 736 x 107° 447 x 10719 233 x 1077 4.2403 0.02746
M2 0.195 2.12x107% 848 x 1073 8.74 x 107173 5.0000 0.02695
M} 3607 0.157 3.96 x 107°  1.02x 10720 8.68 x 10757  4.2470 0.02233
M} 44049 0.157 6.13x 1077 1.72x 10733 3.02 x 107166 50001 0.02669
M} 6155 0.157 6.02 x 107¢ 3.61 x 10726 2.37 x 107118 4.5584 0.02588
M} 55607 0.157 1.33 x 107 8.45x 10732 854 x 1071  5.0001 0.02236

Figure 4.1 illustrates the error progression at each iteration for the various iterative methods used
in solving Examples 1-6. The graph demonstrates the superior efficiency of our proposed method
(2.3)-(2.6) when compared to other established approaches. Notably, it shows that our method
converges faster and attains considerably greater computational accuracy in all the examples.

In addition to achieving high accuracy, computational efficiency is a crucial factor in the evaluation
of iterative methods. For the six examined examples, our proposed method demonstrates a significant
reduction in CPU time compared to existing approaches, as shown in Figure 4.2. This advantage
is attributed to the optimized structure of our iterative scheme. As a result, our method not only
delivers superior accuracy but also enhances overall computational performance, making it a highly
effective choice for solving nonlinear systems.

These findings collectively emphasize the benefits of our approach in terms of both precision and
efficiency, particularly when compared to other widely recognized methods in the literature.
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Fig. 4.1: Graphical analysis of the absolute error for Examples 4.1 to 4.6.
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5 CONCLUSION

We’ve introduced a class of two-point derivative-free iterative methods with memory for solving
systems of nonlinear equations. By employing the first-order divided difference operator for functions
of multiple variables and Taylor’s expansion, we’ve estimated the lower bound of the R-order of
convergence for these new methods. It’s been established that their convergence order is 4.23607,
4.44949, 4.56155 and 5.23607. To accelerate convergence, we utilize a self-accelerating parameter
in the form of a self-corrected matrix as the iteration progresses, paving the way for improving
the convergence speed of methods for solving systems of nonlinear equations. Additionally, we’'ve
compared the computational efficiency of the new methods with that of some existing methods. The
comparison, along with the outcomes of numerical experiments indicates that our presented methods
outperform similar existing ones. These numerical results validate the robust and efficient nature of
the proposed techniques.
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