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Анотацiя. У цьому дослiдженнi ми вивчаємо iтерацiйнi процеси, що включають
ортогональне проєкцiювання загальних обернених матриць з застосуваннями до
оцiнки стану, обробки сигналiв та задач конструкцiй решiток для обчислень з
матрицями. Ми дослiджуємо поведiнку та властивостi збiжностi цих iтерацiйних
методiв. Виконується аналiз чутливостi параметрiв для оцiнки їх впливу на
характеристики збiжностi iтерацiйних методiв. Особливу увагу ми придiляємо
процесу ортогонального проєкцiювання, монiторячи слiд i норму Фробенiуса
детермiнованих та випадкових матриць, що дає змогу отримати iнформацiю про
характеристики збiжностi та стiйкостi методiв.

Abstract. In this study, we explore the iterative processes involving the orthogonal
projection of generalized inverses with applications to state estimation, signal processing
and truss problems for matrix computations. We investigate the behavior and convergence
properties of these iterative methods. A sensitivity analysis of the parameters is performed
to examine their influence on the convergence characteristics of iterative methods. We
specifically examine the orthogonal projection process by monitoring the trace and
Frobenius norm of the deterministic and random matrices, providing information on the
convergence characteristics and stability of the methods.

1 Introduction
Orthogonal projections and generalized inverses are fundamental ideas in linear algebra, which

play a key role in several scientific and engineering applications [5]. This work analyzes the
relationship between these ideas, focusing on the orthogonal projection of generalized inverses, which
has consequences for both theoretical comprehension and practical computation.

The act of projecting a vector onto a subspace so that the error vector-the difference between the
original vector and its projection-is orthogonal to the subspace is known as orthogonal projection.
This idea is essential for approximating solutions and reducing dimensionality in fields like computer
graphics, signal processing, and optimization. The concept of matrix inversion is extended to
non-square and singular matrices via generalized inverses [2], especially the Moore-Penrose inverse.
These inverses are crucial for addressing least squares problems, ill-conditioned matrices, and systems
of linear equations without unique solutions. For every matrix U , the Moore-Penrose inverse,
represented by the symbol U†, is unique and satisfies certain features that extend the idea of the
inverse.

The goal of this research is to examine the orthogonal projection in relation to generalized
inverses. In particular, we study iterative techniques for calculating the orthogonal projection of
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generalized inverses, which are essential for improving numerical algorithms’ accuracy and efficiency.
We concentrate on error analysis and the convergence characteristics of these techniques.

The structure of the paper is as follows: The essential mathematical foundation for orthogonal
projections and generalized inverses is reviewed in Section 1. The iterative techniques used to
calculate these projections are explained in Section 2. Convergence and error boundaries are
theoretically analyzed in Section 3. The implementation specifics are covered in Section 4, together
with numerical findings that support the suggested approaches. The application portion is finally
covered in Section 5, and the work is wrapped up with a summary of the results.

Consider the set Cm×n, which contains all complex (m×n) matrices, and let Cm×n
r represent the

subset of such matrices that have rank r. For any matrix U ∈ Cm×n
r , define I as the identity matrix

of the appropriate size, U† as the Moore-Penrose inverse, U∗ as the conjugate transpose, R(U) as
the range space, N(U) as the null space, rank(U) as the rank of U and nullity(U∗) as the nullity of
U∗. Penrose [3] demonstrated that UU† and U†U are Hermitian idempotent matrices, often referred
to as the orthogonal projections related to U . He further proved that UU† acts as the projection
onto the R(U) along the N(U∗), while U†U projects onto the R(U∗) along the N(U).

For U ∈ Cn×n
r , we denote its eigenvalues by

λ1(UU∗) ≥ . . . > λr(UU∗) > λr+1(UU∗) = . . . λn(UU∗) = 0. (1.1)

The Moore-Penrose inverse has been extensively examined in various studies [1,4,6,8,9,12,16,17]
that led to the development and analysis of numerous direct and iterative methods for their
convergence properties and error estimates. It stands as the unique matrix T that satisfies the four
Penrose equations

UT U = U ,

T UT = T , (1.2)

(UT )∗ = UT ,

(T U)∗ = T U . (1.3)

A series of iterative methods to approximate the inverses of square matrices was first introduced
in [13]. These methods from [13] can also be utilized to compute an approximate inner inverse of a
matrix for a given approximation

T ℓ
q+1 = T ℓ

q [ℓI −
ℓ(ℓ− 1)

2
UT (ℓ)

q + . . .+ (−1)ℓ−1(UTq(ℓ))ℓ−1], q ∈W, ℓ ∈ N,

where W is the set of whole numbers. When ℓ = 2, the well-known Newton–Schulz method, which
converges quadratically, is obtained [2]

Tq+1 = Tq[2I − UT q], q ∈W. (1.4)

Starting with T0 = γU∗ generates a sequence Tq converging to U† if γ satisfies

0 < γ <
2

λ1(UU∗)
.

In [2], its aspect to the iterative method

Tq+1 = Tq + γ(I − TqU)U∗,
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for T0 = γU∗ is exhibited to be Tq = T2q−1.
Using Penrose equations (1.2) and (1.3) another iterative method for computing the Moore-

Penrose inverse given by Petković et al. [16] starting with T0 = γU∗ is

Tq+1 = (I − αTqU)∗Tq + αTq, q ∈W, (1.5)

where α is a suitable real number. The error matrix Eq = Tq − L can be used to evaluate the
convergence properties of the examined iterative approach if L is the desired limit matrix and Tq is
the q-th estimate of U . If an iterative process can be expressed using a simple matrix formula, then
Eq+1 can be represented as the sum of several terms:

• Zero-order term is a matrix independent of Eq.
• At least first order term involving Eq, or its conjugate transpose E∗q appearing only once.
• Higher-order terms in which Eq or E∗q appears at least twice.

In all applicable algorithms, the zero-order term is 0. Consequently, the first-order term determines
the terminal convergence behavior.

For q = 3 in (1.4), Li et al. [11] examined the third-order method, which is called the Chebyshev
method,

Tq+1 = Tq(3I − UT q(3I − UT q)), q ∈W. (1.6)

Using Penrose equation (1.2) given by T UT = T , Srivastava and Gupta [19] assisted to the
following third order extension of (1.6)

Tq+1 = Tq + αTq(2I − 3UT q + (UT q)
2), q ∈W.

If we put α = 1, we get back (1.6). Nashine et al. [15] proposed a new iteration using Penrose
equation (1.2)

Tq+1 = Tq((1 + α+ 2β)I − (α+ 3β)UT q + β(UT q)
2), q ∈W. (1.7)

Also, authors proposed some lemmas and discussed the following convergence analysis of the
iterative scheme with the starting value T0 = γU∗ and showed that it converges to the Moore-Penrose
inverse T = U†.

Theorem 1.1. [15] Let O ̸= U ∈ Cm×n, T = U†, the initial approximation T0 = γU∗, for
arbitary real number γ be such that the residual R0 = (T0 −T )U satisfy ∥R0∥ < 1. The sequence Tq
generated by the iteration for α ≥ 0 starting with T0 = γU∗ converges to the Moore-Penrose inverse
U†. It exhibits linear convergence for α+ β ̸= 1, quadratic convergence for α+ β = 1 and the third
order convergence for α = 0, and β = 1. The first, second, and third order error terms are given by

E1 = (1− α− β)Eq, E2 = αEqUEq and E3 = βEq(UEq)2,

where Eq = Tq − U† denotes the error matrix.
The iteration (1.7) reduces to (1.6) for α = 0 and β = 1. It simplifies to Newton-Schultz iteration

(1.4) when β = 0 and α = 1 are added to the (1.7) iteration. Since calculating orthogonal projections
is an extremely challenging task, not much work has been done on the subject. It is crucial for
solving a variety of linear equation systems, eigenvalue problems, linear least square problems, and
figuring out the rank and nullity of rectangular matrices, among other practical areas of nature
science. According to Golub and Kahan [7], the accurate rank determination of U is a critical
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component of these algorithms, and it is even more significant in the direct techniques for computing
U .

Based on Tq derived from (1.2), Ben-Isreal and Cohen [3] created the following iterative technique
for computing UU†. For q ∈W, define

BI:

{
Z0 = γUU∗,

Zq+1 = Zq − (Zq)
2,

(1.8)

where Zq = UT q and γ satisfies

0 < γ <
2

λ1(U∗U) .

Further, using iterative method (1.5), Srivastava and Gupta [18] developed following iterative
method for the computing UU†

SD:

{
Z0 = γUU∗,

Zq+1 = (1 + α)Zq − α(Zq)
2,

(1.9)

for some appropriate real number α.
Srivastava and Gupta [18] established following lemma which is crucial to calculate the value of

γ.
Lemma 1.2. Let the eigenvalues of matrix UU∗ satisfy (1.1). The ρ(γUU∗ − Z) < 1, where

ρ(U) = max{|λ1(U)|, ..., |λn(U)|} is satisfied if

max
i≤i≤r

∥1− γλi(UU∗)∥ < 1. (1.10)

Ben-Isreal and Cohen [3] and Srivastava and Gupta [18] both have demonstrated that the
trace(Zq) sequence increases monotonically and converges to the rank (U), while the trace (I −Zq)
sequence decreases monotonically and converges to the nullity (U∗).

Motivated from above discussions, in this work, we are discovering a better alternative of the
quadratic convergent iterative scheme to examine the orthogonal projection in relation to generalized
inverses.

2 An iterative method for UU †

To determine the new iterative method for computing UU†, we begin by pre-multiplying equation
(1.7) by U and taking Zq = UT q, we have

NH:


Z0 = γUU∗,

UT q+1 = UT q(aI + b UT q + c(UT q)
2),

Zq+1 = Zq(aI + bZq + c(Zq)
2),

(2.1)

where a = 1 + α+ 2β, b = −(α+ 3β), c = β such that a+ b+ c = 1.

The following lemmas will be crusial in establishing the convergence analysis of the above iterative
method (2.1) with Z0 = γUU∗.

Lemma 2.1. UU†Zq = Zq, for all q ≥ 0.
Proof.For q = 0, using mathematical induction, we obtain

UU†Z0 = γUU†UU∗ = γUU∗ = Z0.
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Let’s assume that UU†Zq = Zq holds for some q > 0. It is simple to demonstrate that it is true for
q + 1 as well since,

UU†Zq+1 = UU†(Zq(aI + bZq + c(Zq)
2)) = Zq+1.

□
Lemma 2.2. ZqUU† = Zq, for all q ≥ 0.
Proof.For q = 0, using mathematical induction, we obtain

Z0UU† = γUU∗UU† = γUU∗(UU†)
∗
= γUU∗(U†)∗U∗ = γU(UU†U)∗ = γUU∗ = Z0.

Let’s assume that ZqUU† = Zq holds for some q > 0. It is simple to demonstrate that this also
applies to q + 1, as

Zq+1UU† = Zq(aI + bZq + c(Zq)
2)UU† = Zq+1.

□

3 Convergence analysis
In this part, we will analyze the convergence of the iterative approach (2.1) with Z0 = γUU† for

computing UU†.
Theorem 3.1. The iterative method (2.1) with Z0 = γUU∗ converges to Z = UU† under the

assumption

∥γUU∗ −Z∥ < 1, 0 < γ ≤ 1.

It exhibits first-order convergence for α+ β ≠ 1, second-order convergence when α+ β = 1 and
third order convergence when α = 0 and β = 1. The first, second and the third-order error terms are:

error1 = (1− α− β)Eq, error2 = −αEqUEq and error3 = βEq(UEq)
2,

where Eq = Zq −Z depicts the error matrix.
Proof.We shall first prove that

Zq+1 −Z = Zq

(
aI + bZq + c(Zq)

2
)
− UU†

= aZq + b(Zq)
2 + c(Zq)

3 − UU†

= aZq −Z + b(Zq)
2 + c(Zq)

3

= (1 + α+ 2β)Zq −Z − (α+ 3β)(Zq)
2 + β(Zq)

3

= (Zq −Z) + α(Zq − (Zq)
2) + β(2Zq − 3(Zq)

2 + (Zq)
3)

= (Zq −Z)− α
[
(Zq −Z)2 + (Zq −Z)

]
+ β

[
(Zq −Z)3 − (Zq −Z)

]
.

Thus, the sequence of residual matrices defined by Rq = Zq −Z satisfies the following recurrence
relation

Rq+1 = Rq − α[(Rq)
2 +Rq] + β[(Rq)

3 −Rq]

= (1− α− β)Rq − α(Rq)
2 + β(Rq)

3

from this we can see that it has first order of convergence for α+ β ≠ 1, second order of convergence
for α+ β = 1 and third order of convergence for α = 0 and β = 1. The sequence of error matrices
Eq satisfies

Eq+1 = Eq − α((Eq)
2 + Eq) + β((Eq)

3 − (Eq)),

Eq+1 = (1− α− β)Eq − α(Eq)
2 + β(Eq)

3,
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error1 = (1− α− β)Eq,

error2 = −αEq(UEq)

and error3 = βEq(UEq)
2.

Clearly, error1 vanishes if and only if α+ β = 1, while error2 is always vanishing when α = 0 and
error3 is always vanishing for β = 0. □

4 Numerical illustrations
We will give some examples in this section to show how effective our work is. MATHEMATICA

11 and an Intel Core 6 Duo CPU operating at 3.30 GHz are used for all of these examples. The
orthogonal projections are calculated using a different approach, and the results are contrasted with
those from the (2.1) method. A variety of tables show performance metrics for the computation of
orthogonal projection in terms of CPU time(CPU time is the total time taken to run the iterations.),
iterations, and error bounds (∥Zq −Zq−1∥) under the Frobenius norm. The horizontal axis indicates
the number of iterations, while the vertical axis indicates the sequence. The figures are displayed
for trace(Zq) and trace(I −Zq), where Zq, q = 0, 1, 2 . . . represents the q-th iterate obtained by our
approach. To illustrate the efficiency of the iterative method for U ∈ Cm×n, we consider Z0 = γUU∗,
where γ = 1

2λ1(UU∗) . The stopping criterion is ∥Zq −Zq−1∥ < ϵ, ϵ = 10−3.
Example 4.1. [19]. Consider the matrix U of order 5× 4 of rank(U) = 4 given by

U =


0.2794 0.1676 0.0645 0.2326
0.0065 0.2365 0.2274 0.1261
0.2271 0.1430 0.1009 0.2867
0.1265 0, 1015 0.1806 0.2846
, 0.2773 0.0632 0.0503 0.1979

 .

Consider γ = 1
2λ1(UU∗) = 0.8127 which satisfy the condition (1.10) of Lemma 1.2.

The iteration-generated sequence of iterates Zq that converge to the orthogonal projection UU†

is given by

UU† =


0.638154 0.0855455 0.378436 −0.234353 0.159562
0.0855455 0.979776 −0.0894678 0.0554044 −0.0377227
0.378436 −0.0894678 0.604213 0.245068 −0.166878
−0.234353 0.0554044 0.245098 0.848219 0, 103342
0.159562 −0.0377227 −0.166878 0.103342 0.929639

 .

From the Table 4.1, it is clear that number of iterations, CPU time and the error bounds of NH
method (2.1) is better than the SD method (1.9) and BI method (1.8) for computing orthogonal
projection. The Figure 4.1 and Figure 4.2 plot the trace (Zq) and trace(I −Zq) against the number
of iterations. As anticipated, the sequence trace(Zq) is monotonic increasing and converges to the
rank (U), while the sequence trace(I −Zq) is a monotonic decreasing and converges to the nullity
(U∗).

Table 4.1 . Comparison of Methods for Different Values of α, β for example 4.1

Method Parameters Number of Iterations CPU Time Error Bounds
BI - 19 2.074× 10−2 5.933× 10−5

SD α = 0.7 20 4.446× 10−4 3.059× 10−4

NH β = 0.3 12 2.840× 10−4 9.292× 10−6
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Fig. 4.1: Trace of Zq for example 4.1
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Fig. 4.2: Trace of I −Zq for example 4.1

Example 4.2. Consider a randomly generated real matrix of size 30× 30, with elements drawn
from the interval [−0.2, 0.2], and where rank(U) = 30. Consider γ = 1

2λ1(UU∗) = 0.8127 which
satisfies the condition (1.10) of Lemma 1.2. The CPU time, number of iterations, and the error
bounds for NH method (2.1) and the SD method (1.9) and the BI method (1.8) for assessing the
orthogonal projection are noted in Table 4.2. Figure 4.3 and Figure 4.4 illustrate trace (Zq) and trace
(I −Zq) plotted against number of iterations. As expected, the sequence of trace(Zq) monotonically
increases, converging to the rank (U), while the sequence trace(I −Zq) monotonically decreases,
converging to the nullity (U∗).

We can see from the Table 4.2 that the SD method (1.9) and BI method (1.8) are more expensive
and needs more iteration than the NH method (2.1) to attains the stopping criteria.

Additionally, Figure 4.5, Figure 4.6 and Figure 4.7 demonstrate the behavior of NH method (2.1)
for number of iterations, CPU time and error bounds for different values of α and β respectively. It
is also observed that the error bounds for (α, β) = (0.3, 0.7), (0.5, 0.5), (0.8, 0.2), (0.9, 0.1) is less for
NH method compared to BI method and SD method.
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Table 4.2: Comparison of Methods for Different Values of α, β for example 4.2

Method Parameters Number of Iterations CPU Time Error Bounds
BI - 19 2.074× 10−2 5.933× 10−5

SD α = 0.01016 1215 1.204× 100 9.947× 10−4

NH β = 0.9 14 0.841× 10−2 1.100× 10−4

SD α = 0.1 152 1.794× 100 9.540× 10−4

NH β = 0.9 13 0.852× 10−2 5.700× 10−4

SD α = 0.2 81 8.154× 10−2 9.460× 10−4

NH β = 0.8 13 0.790× 10−2 7.200× 10−4

SD α = 0.3 57 7.64× 10−2 7.034× 10−4

NH β = 0.7 14 1.197× 10−2 0.190× 10−4

SD α = 0.4 44 7.018× 10−2 6.826× 10−4

NH β = 0.6 14 1.761× 10−2 7.100× 10−4

SD α = 0.5 36 3.706× 10−2 6.591× 10−4

NH β = 0.5 15 5.492× 10−2 0.425× 10−4

SD α = 0.6 31 3.850× 10−2 4.141× 10−4

NH β = 0.4 16 1.603× 10−2 7.133× 10−4

SD α = 0.7 27 2.804× 10−2 3.434× 10−4

NH β = 0.3 16 2.137× 10−2 3.500× 10−4

SD α = 0.8 24 2.866× 10−2 2.284× 10−4

NH β = 0.2 17 1.674× 10−2 0.900× 10−4

SD α = 0.9 21 2.893× 10−2 4.251× 10−4

NH β = 0.1 18 1.825× 10−2 0.450× 10−4

SD α = 1 19 2.338× 10−2 0.594× 10−4

NH β = 0 19 1.862× 10−2 0.598× 10−4
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Fig. 4.3: Trace of Zq for example 4.2
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Fig. 4.4: Trace of I −Zq for example 4.2

Fig. 4.5: Parameters Impact of NH Method on Number of Iterations

Fig. 4.7: Parameters Impact of NH Method on Error Bounds
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Fig. 4.6: Parameters Impact of NH Method on CPU Time

Example 4.3. Consider a randomly generated real matrix of size 100× 101, with element drawn
from the interval [−0.1, 0.1] and where rank(U) = 100. Consider γ = 1

2λ1(UU∗) = 0.8127 which
satisfies the condition (1.10) of Lemma 1.2. The CPU time, number of iterations, and the error
bounds of NH method (2.1), along with the SD method (1.9) and BI method (1.8) for assessing the
orthogonal projection, are noted in Table 4.3. Figure 4.8 and Figure 4.9 illustrate trace(Zq) and
trace(I−Zq) plotted against number of iterations. As expected, the sequence trace(Zq) monotonically
increases, converging to the rank(U), while the sequence trace(I −Zq) is a monotonically decreases,
converging to the nullity( U∗).

We can see from the Table 4.3 that the SD method (1.9) and BI method (1.8) are more expensive
and needs more iteration than the NH method (2.1) to attains the stopping criteria. It is also
observed that the error bound for α = 0.9, β = 0.1 is less for NH method compared to BI method
and SD method.

Table 4.3: Comparison of Methods for Different Values of α, β for example 4.3

Method Parameters Number of Iterations CPU Time Error Bounds
BI - 20 1.145× 10−2 4.1197× 10−6

SD α = 0.01016 1266 0.4346 9.954× 10−4

NH β = 0.9 15 1.037× 10−2 1.289× 10−4

SD α = 0.1 157 5.741× 10−2 9.612× 10−4

NH β = 0.9 13 7.140× 10−3 5.671× 10−4

SD α = 0.2 84 2.245× 10−2 8.602× 10−4

NH β = 0.8 14 6.212× 10−3 1.075× 10−5

SD α = 0.3 58 1.878× 10−2 9.209× 10−4

NH β = 0.7 14 7.256× 10−3 4.918× 10−4

SD α = 0.4 45 1.325× 10−2 8.191× 10−4

NH β = 0.6 15 8.240× 10−3 1.933× 10−5

SD α = 0.5 37 1.323× 10−2 7.161× 10−4
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Method Parameters Number of Iterations CPU Time Error Bounds
NH β = 0.5 15 1.883× 10−2 9.508× 10−4

SD α = 0.6 31 1.088× 10−2 9.970× 10−4

NH β = 0.4 15 8.093× 10−3 9.508× 10−4

SD α = 0.7 27 9.239× 10−3 9.528× 10−4

NH β = 0.3 17 7.958× 10−3 1.537× 10−5

SD α = 0.8 24 6.389× 10−3 7.818× 10−4

NH β = 0.2 17 7.958× 10−3 1.537× 10−5

SD α = 0.9 22 8.311× 10−3 2.147× 10−4

NH β = 0.1 18 9.830× 10−3 3.352× 10−6

SD α = 1 20 5.830× 10−3 4.119× 10−6

NH β = 0 20 7.597× 10−3 4.119× 10−6
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Fig. 4.8: Trace of Zq for example 4.3
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Fig. 4.9: Trace of I −Zq for example 4.3
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5 Applications of orthogonal projection

5.1 Signal filtering process
The use of a projection matrix in signal processing serves several important purposes. A projection

matrix is used to project or map data onto a lower-dimensional subspace or to filter out certain
components of a signal. Specifically, it can be applied for tasks such as noise reduction, signal
filtering, and dimensionality reduction. In the next we see how NH method is useful in the context
of signal filtering.

We generate a signal with 100 samples and signal X is composed of three sine waves with
frequencies of 10Hz, 20Hz and 30Hz.

Mathematically, the signal can be expressed as

X(t) = sin[2π10t] + 0.5 sin[2π20t] + 0.2 sin[2π30t],

Fig. 5.1: Comparison of Original and Filtered Signal

where t represents time and t ∈ [0.1, 0.01]. The Toplitz matrix U is constructed from the first n
filters samples of the signal. A Toplitz matrix is a matrix in which each descending diagonal from
left to right is constant. In the case, the matrix U represents the autocorrelation structure of the
signal over a window of n filter samples. Then, the projection, matrix is computed using the iterative
scheme and the filtered signal y is obtained by applying the orthogonal projection matrix to the
original signal. The original and filtered signals are plotted in Figure 5.1 for comparison. This
simulates a signal with multiple frequency components.
The top plot presents the original signal as a function of time. It appears to be a composite waveform,
formed by combining several sinusoidal components of different frequencies. The signal exhibits a
repetitive pattern with oscillations of varying amplitudes and frequencies. The dominant frequency
corresponds to the component with the highest amplitude.
The bottom plot shows the filtered signal, illustrating the effect of the applied filter in attenuating
specific frequency components. The signal has a repetitive pattern with oscillations at different
amplitudes and frequencies. The dominant frequency is the one with the highest amplitude. The
signal in this plot has a drastically different shape. It starts with a peak, flattens out for a large
portion, and then dips near the end before returning to zero. This could indicate that the iterative



An orthogonal projection iterative method and its applications 65

method has filtered out certain frequency components or transformed the signal to highlight specific
features.

5.2 State estimation [14]

Fred Schweppe and his research group first formulated state estimation for electric transmission
grids, as shown in Figure 5.2. The primary motivation for state estimation is to conduct computer
analysis of the network based on the current set of measurements. Specifically, the goal is to
determine the bus voltage phasor magnitudes |Vk| for all k = 1, ..., N buses in the network. Consider
the DC circuit depicted below, where current injections I1, I2 and voltage e are unknown. Let the
resistances R1 = R2 = R3 = 1.0Ω The measurements are as follows:

• Meter B1: i1,2 = 1.0A.
• Meter B2: i3,1 = −3.2A.
• Meter B3: i2,3 = 0.8A.
• Meter V: e = 1.1V.

Finding the circuit’s state, in particular the nodal voltages V1, V2 and the voltage e across the voltage
source, is the work at hand.

Fig. 5.2: State Estimation

We may write down all of the recorded currents in terms of node voltages, as well as our single
voltage measurement

im1,2 = v1 − v2 − e = 1.0,

im3,1 = −v1 = −3.2,
im2,3 = v2 = 0.8,

e = 1.1.

Putting everything above into matrix form: Ux = b
1 −1 −1
−1 0 0
0 1 0
0 0 1


v1v2
e

 =


1.0
−3.2
0.8
1.1

 .
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We have a measurement matrix B and a measurement vector b which includes noise. First we’ll
form a projection matrix (P) using our iterative method (2.1)

P =


0.75 −0.25 −0.25 −0.25
−0.25 0.75 −0.25 −0.25
0.25 −0.25 0.75 −0.25
−0.25 −0.25 −0.25 0.75

 .

Then we compute the best estimate of the state vector

best =


1.075
3.125
0.875
1.675


to get least square solution x̂. For this we solve U x̂ = b

x̂ =

 0.25 −0.75 0.25 0.25
−0.25 −0.25 0.75 −0.25
−0.25 −0.25 −0.25 0.75




1.0
−3.2
0.8
1.1

 =

3.1250.875
1.175

 .

The residual, r̂, is given by

r̂ = b− best =


1.0
−3.2
0.8
1.1

−

1.075
3.125
0.875
1.675

 =


−0.075
−0.075
−0.075
−0.075

 .

This residual is orthogonal to the column space of U . Understanding the residual is crucial for
assessing the quality of the approximate solution.

5.3 Statically determinate truss problem [10]

A truss is a fundamental type of engineering structure that offers cost-effective solutions for
various engineering constructions, especially in the design of bridges and buildings with large spans.
Consequently, the statically determined truss is a significant concern in structural engineering to
evaluate related forces and responses. In this context, we consider a specific truss problem illustrated
in Figure 5.3, which will support the development and implementation of Schulz-type iterative
schemes.
The structure is attached as a stationary support with bottom left and a roller support with bottom
right. Assume the truss is subjected to the setup as a 500-pound force acting at node 3 and node 5,
whereas node 4 forces 1000-pound. The direction of all forces is vertical downward.
Our goal is to calculate the resulting forces on the rollar and stationary support with the members
and the reaction forces. The direction of the action forces shown in Figure 5.3. There are twelve
linear equations with twelve unknowns to balance the vertical and horizontal parts of force at each
node corresponding to the linear system UY = B
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Fig. 5.3: Forces on a statically determinate truss

U =



b1 0 b3 0 0 0 0 0 0 1 0 0
b2 0 b4 0 0 0 0 0 0 0 0 1
−b2 −b6 0 0 0 0 0 b6 b2 0 0 0
−b1 b5 0 0 1 0 0 b5 −b1 0 0 0
0 b6 −b4 b6 0 0 0 0 0 0 0 0
0 −b5 −b3 b5 0 0 0 0 0 0 0 0
0 0 0 −b6 0 b6 0 0 0 0 0 0
0 0 0 −b5 −1 b5 0 0 0 0 0 0
0 0 0 0 0 −b6 b4 −b6 0 0 0 0
0 0 0 0 0 b5 −b3 −b5 0 0 0 0
0 0 0 0 0 0 −b4 0 b2 0 0 0
0 0 0 0 0 0 b3 0 b1 0 1 0


,

Y =
[
E1 E2 E3 E4 E5 E6 E7 E8 E9 E10 E11 E12

]⊤
,

B =
[
0 0 0 0 0 500 0 1000 0 500 0 0

]⊤
and b1 = sin(θ1), b2 = cos(θ1), b3 = sin(θ2), b4 = cos(θ2), b5 = sin(θ3), b6 = cos(θ3), θ1 = arctan (12),
θ2 = arctan (43) and θ3 = arctan (13).
Expressing in the form UY = B where

U =



0.9904 0 0.3401 0 0 0 0 0 0 1 0 0
0.1380 0 −0.9403 0 0 0 0 0 0 0 0 1
−0.1380 0.8328 0 0 0 0 0 0.83 0.1380 0 0 0
−0.9904 −0.5534 0 0 1 0 0 −0.5534 −0.9904 0 0 0

0 0.8328 0.9403 0.8328 0 0 0 0 0 0 0 0
0 0.5534 −0.3401 −0.5534 0 0 0 0 0 0 0 0
0 0 0 −0.8328 0 0.8328 0 0 0 0 0 0
0 0 0 0.5534 −1 0.5534 0 0 0 0 0 0
0 0 0 0 0 −0.8328 −0.9403 0.8328 0 0 0 0
0 0 0 0 0 −0.5534 −0.3401 0.5534 0 0 0 0
0 0 0 0 0 0 0.9403 0 0.1380 0 0 0
0 0 0 0 0 0 0.3401 0 0.9904 0 1 0


.

From NH method (2.1), we can find projection matrix P , such that PB = B. This property can be
used to verify whether a given B lies in the column space of U .
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6 Conclusion
An iterative technique for determining the orthogonal projection of any given matrix U is

established in this study. Convergence analysis of the approach is investigated, and it is of second
and third orders. The efficiency of the our method is illustrated with numerical examples. The
outcomes of this approach are contrasted with existing iterative methods. Tables are used to provide
performance, such as number of iterations, CPU time and error bounds for calculating orthogonal
projections. One set of traces is found to be monotonically growing and converge to the matrix’s
rank, while another is monotonically falling and converges to nullity (U∗). Furthermore, our method
worked well for all the parameters ranging between 0− 1, while SD method (1.9) performed well
when α is close to 1. Our work is validated in the domains of state simulation, data reduction, and
signal filtering procedure.The new method improved performance over the SD method.

The proposed iterative method demonstrates improved performance over the SD method and a
better alternative to the quadratic convergent iterative scheme. The enhancement can be attributed
to the introduction of an additional parameter. The new parameter plays a crucial role in the
refinement of the efficiency of the method. On the other hand, compared to (1.8) and (1.9), the
method (2.1) is more expensive in terms of the number of computing resources, which can lead to
the occurrence of a rounding error.
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