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Анотацiя. У контекстi дослiдження потенцiйного застосування квантових
комп’ютерiв для виконання процедур методу скiнченних елементiв запропоновано
специфiчний пiдхiд до розв’язування двовимiрної початково-крайової задачi адвекцiї-
дифузiї-реакцiї, що полягає у перетвореннi її на набiр вiдповiдних одновимiрних
задач. Цей метод використовує спецiалiзоване розщеплення оператора, що
призводить до рекурентної дробово-крокової схеми iнтегрування за часом. Хоча
ця схема пропонує значний потенцiал розпаралелювання, основна мета полягає
у вiдображеннi вихiдної елiптичної двовимiрної задачi, що виникає на кожному
часовому кроцi, в набiр менших одновимiрних задач такого ж типу. Це перетворення
у поєднаннi з нещодавно запропонованими класично-квантовими схемами стабiлiзацiї
дозволяє нам передавати системи лiнiйних рiвнянь меншої розмiрностi квантовому
комп’ютеру, що робить їх придатними для квантових комп’ютерiв iз меншою
кiлькiстю кубiтiв. Запропонований у статтi алгоритм поєднано iз методом скiнченних
елементiв для розв’язання отриманих одновимiрних задач, хоча цi задачi також
можуть бути розв’язанi за допомогою iнших методiв дискретизацiї, таких як метод
скiнченних об’ємiв або скiнченних рiзниць.

Abstract. In the context of investigating the potential application of quantum
computers to the finite element method, we propose a specific approach for solving
the two-dimensional parabolic advection-diffusion-reaction boundary value problem by
transforming it into a set of corresponding one-dimensional problems. This method
employs specialized operator splitting, resulting in a recurrent fractional-step scheme for
time integration. While this scheme offers significant parallelization potential, the main
goal is to map the original large elliptic 2D problem arising at each time step into a set
of smaller 1D problems of the same kind. This transformation, combined with recently
proposed quantum-assisted stabilization schemes, allows us to pass smaller linear systems
to a quantum linear solver, making them suitable for near-term quantum computers. We
combine the proposed algorithm with the finite element method to solve the resulting
one-dimensional problems, although these problems can also be addressed using other
discretization techniques, such as the finite volume or finite difference methods.

1 Introduction
In this article, we consider a two-dimensional parabolic advection-diffusion-reaction (ADR)

problem. Several well-known general methods can be applied to obtain numerical solutions of such
problems. In the spatial dimensions, we have a boundary value problem (BVP) for an elliptic-type
equation, which can be successfully discretized using finite difference, finite volume or finite element
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methods (FEM). In the time dimension, we have a first-order differential equation. Typically, these
problems are discretized separately in time and space. Depending on the order in which we perform
the discretization, we can obtain a Cauchy problem for a system of first-order equations or a sequence
of elliptic problems for each time "slice". In the spatial dimensions we can use finite elements or finite
differences for discretization. In the time dimension common discretization methods for first-order
initial value problems are employed, such as the Euler, Runge-Kutta or Adams methods.

Our initial interest was in solving singularly perturbed problems. This interest arises because
such problems require special treatment due to the presence of boundary or inner layers with large
gradients in their solution structure. A common approach is to use adaptivity and/or stabilization
to achieve the required accuracy while minimizing the computational resources needed.

For singularly perturbed problems, in our recent works [6–8], we proposed stabilized and
adaptive-stabilized finite element schemes that leverage the quantum Harrow-Hassidim-Lloyd (HHL)
algorithm [10] (or any other quantum linear solver) for solving intermediate systems of linear
equations arising within these schemes. However, currently available quantum computers have a
very limited number of qubits. Moreover, error-tolerant schemes are needed, which use a certain
number of qubits to provide error correction during the computation process.

Given these constraints, a natural question arises when considering the applicability of quantum
linear solvers in the near term: is it possible to reduce the size of the linear systems passed to the
quantum computer? Moreover, we need to have those systems obtained from the boundary value
problems of the same kind (to be able to use the mentioned stabilization schemes). Thus, a more
specialized question arises: can we decompose the original 2D problem into a set of smaller 1D
problems? A positive answer to the last question is already known. Is there a chance to decompose
the problem in such a way that the percentage of obtained 1D problems which are singularly
perturbed is as small as possible?

The goal of this paper is to build a method that decomposes large problems into smaller ones,
which can then be combined with stabilization schemes for the treatment of singularly perturbed
problems and leverage a quantum computer with more limited bandwidth. An important property
that we aim to achieve at the same time is minimizing the number of those 1D problems (out of the
total number of obtained 1D problems) that are affected by dominant advection. As a side effect,
the smaller linear systems can be solved independently.

The paper is structured as follows: we first define the model ADR problem, then describe the
new algorithm and finally present a numerical experiment along with some further discussions.

2 Advection-diffusion-reaction problem
Let us consider the following problem for a parabolic advection-diffusion-reaction equation

find function u = u(x, t) : Ω̄× [0, T ]→ R such that:

u′t − µ∆xu+ β⃗ · ∇xu+ σu = f in Ω× (0, T ],

u(x, t) = 0, (x, t) ∈ Γ× [0, T ],

u(x, 0) = u0(x), x ∈ Ω̄.

(2.1)

Here Ω is a bounded domain with a Lipschitz boundary Γ, µ = const > 0 and σ = const ≥ 0
are the coefficients of diffusion and reaction respectively. The function f = f(x) and the vector
β⃗ = (β1(x), β2(x)) represent the sources and the advection flow velocity respectively. We assume
that the flow is incompressible, i.e., ∇ · β⃗ = 0 in Ω. Additionally, we consider the case where the
vector field β⃗ does not have closed integral curves that lie completely in Ω̄.

It is important to note that we consider the case where the problem data is independent of the
time variable.

We assume that the problem data is such that the problem satisfies the conditions of the
Lax-Milgram lemma and thus it has a unique weak solution.
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In the formulation (2.1) the subscript x is used for the corresponding operators in the spatial
dimensions. We also assume the time interval [0, T ] is finite for clarity.

Note that for T = +∞ it can be shown that the concentration u stabilizes over time, i.e., we have
dynamic equilibrium: u(x, t)→ ũ(x) and u′t → 0 as t→ +∞. Therefore we have the degeneration
of the problem (2.1) to a stationary problem

find function ũ : Ω̄→ R such that:

− µ∆ũ+ β⃗ · ∇ũ+ σũ = f in Ω ⊂ R2,

ũ = 0 on Γ = ∂Ω.

(2.2)

In this article we propose a method for non-stationary problem (2.1).

3 Motivation from the first-order hyperbolic problems
Let us define a part of the domain boundary as

Γ0 = {x ∈ Γ|n⃗(x) · β⃗(x) < 0},
where n⃗ : ∂Ω→ R2 is a unit vector of outward normal to the boundary of domain Ω.

Consider the following hyperbolic problem
find function ũ ∈ C1(Ω̄) such that:

β⃗(x) · ∇ũ+ σũ = f(x), x ∈ Ω,

ũ|Γ0
= 0.

(3.1)

Let us define the function [0,mesΓ0] ∋ ξ 7→ ρ(ξ) = (ρ1(ξ), ρ2(ξ)) ∈ Γ̄0 which maps the parameter
ξ bijectively onto the Γ̄0.

For each value of ξ we can construct the integral curve of the vector field β⃗: x(τ, ξ) =
(x1(τ, ξ), x2(τ, ξ)) ∈ Ω as a solution of the following Cauchy problem

∂x(τ, ξ)

∂τ
= β⃗(x(τ, ξ)),

x(0, ξ) = ρ(ξ).
(3.2)

Let us define the function z(τ, ξ) = ũ(x(τ, ξ)). Taking into account (3.2) and using the chain
rule, we can derive the following

∂z(τ, ξ)

∂τ
= β⃗(x(τ, ξ)) · ∇xũ(x(τ, ξ)). (3.3)

Combining (3.2) and (3.3), we can rewrite the problem (3.1) as

∂x(τ, ξ)

∂τ
= β⃗(x(τ, ξ)),

∂z(τ, ξ)

∂τ
+ σz(τ, ξ) = f(x(τ, ξ)),

x(0, ξ) = ρ(ξ),

z(0, ξ) = 0.

(3.4)

We decomposed the original problem to the parametrized set of 1D equations of the same kind,
defined on certain curves (Fig. 3.1) by using the well-known method of characteristics.

The complete discretization of (3.1) is achieved by discretizing the set Γ0 and then discretizing
the resulting 1D Cauchy problems (3.4). Such an algorithm can be parallelized to a certain extent.

Can we apply the same approach to the equation with diffusion present? The answer is partially
positive in the sense that we cannot use the same approach directly in the same way, but we can
leverage it in combination with the time integration scheme.
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Fig. 3.1: Flow diagram for problem (3.1).

4 Diffusion splitting
Consider the diffusion term of the problem (2.1). Let us represent all vectors as columns by

default. Recall, that the directional derivative of the function u in the spatial direction e⃗ = (e1, e2)
T ,

∥e⃗∥ = 1 can be computed as u′e⃗ = e⃗ · ∇xu. By applying this formula two times, it is easy to see, that
the second derivative in the same direction can be computed by the formula u′′e⃗e⃗ = ∇x · (e⃗ e⃗T∇xu).

Let us consider the normalized advection vector field

b⃗(x) = (b1(x), b2(x)) = β⃗/∥β⃗∥. (4.1)

Consider also the orthogonal vector field

γ⃗(x) = (β2(x),−β1(x)) (4.2)

and corresponding normalized field
p⃗ = γ⃗/∥γ⃗∥. (4.3)

It is obvious, that the identity matrix I can be decomposed as a sum of two orthogonal projections

I = b⃗ b⃗T + p⃗ p⃗T .

Now we can transform the diffusion term of the ADR equation

µ∆xu = µ∇x · (I∇xu) = µ∇x · (⃗b b⃗T∇xu) + µ∇x · (p⃗ p⃗T∇xu). (4.4)

Note, that each of the obtained terms represents the second directional derivative of u in the
appropriate direction.

In the next sections we will combine such splitting with the time integration scheme.

5 Variational formulation and semi-discretization in time
As a basis of the full discretization of the considered problems we use the finite element method

and thus we need to reformulate problem (2.1) in the form of a variational equation.
Let us start from the boundary value problem (2.2). It admits the following variational formulation{

find u ∈ V = H1
0 (Ω) such that :

a(u, v) = ⟨l, v⟩ ∀v ∈ V, (5.1)

where 
a(u, v) =

∫
Ω

(µ∇u · ∇v + β⃗v · ∇u+ σuv)dx ∀u, v ∈ V,

⟨l, v⟩ =
∫
Ω

fvdx ∀v ∈ V.
(5.2)
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Under the assumption that the problem satisfies the conditions of the Lax-Milgram lemma, (5.1)
has a unique solution.

Let us define the time step ∆t and the parameter θ ∈ (0, 1). Consider the standard Lebesgue
scalar product (w, q) =

∫
Ωwqdx. Using components (5.2) and the standard technique from [18],

we can formulate the following one-step recurrent scheme for the semi-discretization in time of the
non-stationary problem (2.1)

{
(u̇j+ 1

2
, v) + θ∆ta(u̇j+ 1

2
, v) = ⟨l, v⟩ − a(uj , v),

uj+1 = uj +∆tu̇j+ 1
2
, j = 0, 1, ...,

(5.3)

where uj(x) is an approximation to the function u(x, tj), tj = j∆t and by u̇j+ 1
2
(x) we denote the

constant in time approximation with finite difference to the derivative u′t on the segment [tj , tj+1]
(which actually is defined by the second equation in (5.3) as (uj+1 − uj)/∆t).

Here and below we will preserve this "dot" notation for the approximations to time derivatives
used in our recurrent integration schemes. Keeping the same letter with a dot will make clear to
which function that derivative approximation "belongs." To avoid confusion with actual derivatives,
we use "prime" notation for them (as in formula (2.1)).

6 Semi-discretization splitting

Let us substitute the formula (4.4) into the bilinear form a(u, v) defined in (5.2). We can then
rewrite it in the following way

a(u, v) = s(u, v) +m(u, v),

where 
s(u, v) =

∫
Ω

(µ(⃗bT∇xu)(⃗b
T∇xv) + v∥β⃗∥⃗bT∇xu+ σuv)dx,

m(u, v) =

∫
Ω

µ(p⃗T∇xu)(p⃗
T∇xv)dx.

(6.1)

We propose to use instead of the recurrent scheme (5.3) the following two-step scheme



(u̇j+ 1
4
, v) + θ∆ts(u̇j+ 1

4
, v) = ⟨l, v⟩ − s(uj , v),

uj+ 1
2
= uj +∆tu̇j+ 1

4
,

(u̇j+ 3
4
, v) + θ∆tm(u̇j+ 3

4
, v) = −m(uj+ 1

2
, v),

uj+1 = uj+ 1
2
+∆tu̇j+ 3

4
, ∀v ∈ V, j = 0, 1, ...

(6.2)

The idea behind the introduced splitting is to decouple the diffusion component, which is
orthogonal to the direction of the advection flow. Visually, we can demonstrate this scheme with Fig.
6.1, which shows the modeling of the movement of an ink drop along the current of some liquid.

In the initial integration scheme (5.3), we applied both processes, diffusion and advection,
simultaneously on each time step. From the topmost part of the figure we see that the drop is moved
along the advection vector and it also grows in diameter due to diffusion.

The splitting scheme (6.2) decomposes this process into two substeps. In the first substep we
model the advection and the diffusion part along the advection direction. In the second step, we
add the orthogonal part of the diffusion to the process. This is shown in the lower part of Fig. 6.1.
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Fig. 6.1: Example: movement + diffusion of the ink drop and the diffusion splitting.

We will show in the next section that such splitting leads to an effective way of solving the
obtained variational problems by decomposing them into sets of smaller 1D ADR problems, which,
in the case of singularly perturbed problems, will allow us to use the mentioned quantum-assisted
stabilization schemes for those 1D problems. We may note that, as a side effect, we can solve the
obtained 1D problems in parallel, since they are independent of each other.

The general idea of operator splitting, which we used, is well-known in the literature [1–3,9, 12,
13,19–21]. Different names are used for such or similar methods: operator splitting, time splitting,
split-step methods, dimensional splitting, alternating direction methods and fractional-step methods.
A notable example is Chorin’s projection method [3] for the Navier-Stokes equations and its variations.
In this method the computations of the velocity and pressure fields are decoupled. The proposed
splitting approach is fundamentally similar to the general splitting approach based on the application
of the BakerCampbellHausdorff formula [14], which allows switching from one time step into two
steps with individual terms of the original operator (with asymptotically quadratic error in time step
length). In general, such methods can be considered a special case of fractional-step methods, where
a single time step in the integration scheme is represented as a composition of several substeps (not
necessarily parts of the original operator). This formula is widely used in the modeling of complex
quantum systems to split a system with Hamiltonian H =

∑
iHi into smaller systems with the

Hamiltonians Hi [13, 14].
The term "fractional-step method" can be considered broader than "splitting method". The

latter usually refers to splitting the operator into additive parts and does not specify how these
partial problems should be solved. In contrast, the "fractional-step method" takes into account
various ways of representing a single integration step in time by a sequence of substeps. The term
also includes schemes for the lower-dimensional problems obtained from operator splitting. A nice
review of such methods can be found in [12,13].

Within this terminology, we may consider our method as a "splitting method" since, in its origin,
it does not specify which 1D integrators should be used.

The proposed method itself does not provide any inherent advantage in solving singularly
perturbed problems. It can be further combined with other schemes to handle singular perturbations,
but at the level of 1D problems, rather than the original 2D problem.

It is important to note that there are many different linear system solvers available today that
extensively use parallelization, vector computations, GPU etc. This raises the following question:
what is the advantage of splitting schemes for PDEs if they merely provide parallelization, while
there are existing methods that already do the same? The key fact to consider is that the potential
parallelization (which may be less efficient when compared to other methods) is not the main
advantage. The main advantage is that splitting schemes decompose large problems of a certain
kind (such as a PDE describing a specific process) into smaller problems on reduced dimensions,
which can still be treated as problems describing other processes, i.e., prescribing the nature of the
problems. These smaller problems can still be continuous and have a meaningful interpretation.
Only this property allows us to propagate the developed quantum-assisted stabilization [6–8] from
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the 2D problem to the corresponding smaller 1D problems obtained from the procedure, thereby
reducing the required bandwidth of a quantum register. This would not be possible if we were to
consider just some algebraic linear solver, even with parallelization.

If we wish to solve the stationary problem with dominant advection using such a combination of
schemes, we should consider the corresponding non-stationary counterpart with u0 ∈ V calculated
as the solution of the following equation

s(u0, v) = ⟨l, v⟩ ∀v ∈ V.

In this way, we obtain "from start" a better approximation to the original equation, since the
dynamics of the process in this case is primarily governed by the advection flow.

While the proposed method can also be applied iteratively via the time integration scheme to
obtain an approximation for the elliptic problem (2.2), it can be shown that the time step used for
such integration must be sufficiently small [4]. This fact makes the method inefficient for stationary
problems, as a small time step leads to a large number of required iterations. Therefore, we consider
the proposed method only for parabolic problems. To extend its applicability to elliptic problems,
further research is required to explore the possibility of accelerating the convergence of this iterative
process.

At the end of this section, we should also mention that there is ongoing work on preparing a
proof of convergence of the method for parabolic problems. In the preprint [4] we have already
outlined a sketch of a possible proof based on the application of the Lax equivalence theorem [11].

7 One-dimensional reduction of semi-discretization substeps
We denote by n⃗(x) the vector of the outward unit normal to the boundary ∂Ω at the point x.

Let us define the sets
Γ
β⃗
= {x ∈ ∂Ω|n⃗(x) · β⃗(x) < 0},

Γγ⃗ = {x ∈ ∂Ω|n⃗(x) · γ⃗(x) < 0}.
(7.1)

We suppose that each one of those sets is connected.
Consider the functions x = x(τ, ξ) and y = y(ν, η), x, y ∈ Ω, τ, ν ≥ 0, ξ, η ∈ [0, 1], such that

x(0, ξ) = ρ(ξ) ∈ Γ
β⃗

and y(0, η) = κ(η) ∈ Γγ⃗ are parametrizations of the curves Γ
β⃗

and Γγ⃗

correspondingly. Let us define those functions as the solutions to the following Cauchy problems{
x′τ = β⃗(x),

x(0, ξ) = ρ(ξ)
(7.2)

and {
y′ν = γ⃗(y),

y(0, η) = κ(η).
(7.3)

Described problems define the families of integral curves of the vector fields β⃗ and γ⃗ covering the
domain Ω as depicted in the Fig. 7.1

Fig. 7.1: Two sets of curves.
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Consider now some finite sets of those curves: B = {x(τ, ξi)}ni=1 and G = {y(ν, ηi)}mi=1.
Now we can restrict the substeps of (6.2) to those sets of curves.
Let us rewrite the forms from (6.1) using the notion of directional derivative from the section 4.

We have 
s(u, v) =

∫
Ω

(µu′
b⃗
v′
b⃗
+ ∥β⃗∥u′

b⃗
v + σuv)dx,

m(u, v) =

∫
Ω

µu′p⃗v
′
p⃗dx.

Let us recall the first equation from (6.2)

(u̇j+ 1
4
, v) + θ∆ts(u̇j+ 1

4
, v) = ⟨l, v⟩ − s(uj , v). (7.4)

Let us suppose that the problem data in (2.1) (and therefore in (7.4)) is sufficiently smooth, so
we can assume the solution of the equation above is classical. Also in that case it will be sufficient
to consider only smooth test functions v.

For the considered setting, let us apply integration by parts to rewrite the bilinear form s as
follows

s(u, v) = (Su, v),

where
Su = −µu′′

b⃗⃗b
+ ∥β⃗∥u′

b⃗
+ σu. (7.5)

Now we can rewrite (7.4) in the following way

(u̇j+ 1
4
+ θ∆tSu̇j+ 1

4
+ Suj − f, v) = 0. (7.6)

Alternatively, we may write

(Rj , v) = 0, (7.7)

where Rj = u̇j+ 1
4
+ θ∆tSu̇j+ 1

4
+ Suj − f .

Let us construct a curvilinear grid using the integral curves of the normalized vector fields b⃗ and
p⃗. To do this, we consider the same Cauchy problems as in (7.2) and (7.3), but substitute b⃗ for β⃗
and p⃗ for γ⃗. That is, we consider the following equations

x′τ = b⃗(x) (7.8)

and
y′ν = p⃗(y).

It is important to note that with this change of parametrization, the parameters τ and ν become
the natural parameters of the corresponding curves. That is, they represent the arc lengths of the
curves measured from their respective starting points.

Now, consider a curve Li ∈ B, but parametrized with the new parameter τ . In a small
neighborhood of a point on this curve, let us construct a curvilinear domain ω, whose sides are
aligned with the grid curves. In this neighborhood, we can define a curvilinear orthogonal coordinate
system via the parameters (τ, ν), mapping the domain onto the rectangle E = {(τ, ν)|(τ, ν) ∈
[τ1, τ2]× [ν1, ν2]}. This construction is illustrated in Fig. 7.2.
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Fig. 7.2: Curvilinear grid neighbourhood.

Let us consider the scalar product (7.7) but only on the ω, i.e.∫
ω

Rjvdx =

∫
ω

Rj(x1, x2)v(x1, x2)dx1dx2. (7.9)

Let us denote mapping between curvilinear and initial coordinate systems (i.e. map from E to
ω) as {

x1 = x1(τ, ν),

x2 = x2(τ, ν).
(7.10)

We suppose that β⃗, γ⃗ are smooth enough, so induced mapping (7.10) is differentiable.
Let us change the variables in the integral (7.9)∫

ω

Rj(x1, x2)v(x1, x2)dx1dx2 =

∫
E

R̃j ṽ|J |dτdν, (7.11)

where R̃j(τ, ν) = Rj(x1(τ, ν), x2(τ, ν)), ṽ(τ, ν) = v(x1(τ, ν), x2(τ, ν)) and Jacobian is defined as

J =

∣∣∣∣x′1,τ x′1,ν
x′2,τ x′2,ν

∣∣∣∣ .
Taking into account relations (4.1), (4.2) and (4.3), we can see that

|J | = |
∣∣∣∣x′1,τ x′1,ν
x′2,τ x′2,ν

∣∣∣∣ | = | ∣∣∣∣b1 p1
b2 p2

∣∣∣∣ | = | ∣∣∣∣b1 b2
b2 −b1

∣∣∣∣ | = ∥⃗b∥2 = 1.

Thus we can rewrite the right part of the (7.11) as an iterated integral

∫
ω

Rjvdx =

τ2∫
τ1

dτ

ν2∫
ν1

R̃j ṽdν. (7.12)

Denote now by νL such ν value, that Li ∩ ω = {(x1(τ, νL), x2(τ, νL))|τ ∈ [τ1, τ2]}.
Consider now the sequence of the infinitely differentiable functions {dk(ν)} with compact support

and which is weakly convergent to the Dirac δ-function δ(ν) (there are well-known examples of such
sequences). Suppose that supp dk(ν − νL) ⊂ [ν1, ν2].

Taking in (7.12) ṽ = ṽk = w̃(τ)dk(ν − νL) (note, that we have corresponding bijective mapping
from ṽk to some smooth v = vk and w̃ to the function w(x) defined only on the curve Li). So we
have

∫
ω

Rjvkdx =

τ2∫
τ1

dτ

ν2∫
ν1

R̃j(τ, ν)w̃(τ)dk(ν − νL)dν. (7.13)
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Let us denote by |Li| the length of the curve Li. Taking the limit in (7.13) for k →∞, τ1 → 0,
τ2 → |Li| and taking into account relation (7.7) and locality of the support of dk we have

|Li|∫
0

R̃j(τ, νL)w̃(τ)dτ = 0. (7.14)

Parameter τ is natural for the curve Li and then R̃j(τ, νL) is a restriction of Rj to the curve Li.
So we can rewrite (7.14) as ∫

Li

Rjwdl = 0.

Taking into account (7.14), let us revisit the expressions (7.6) and (7.5) restricted onto Li.
Directional derivatives u′

b⃗
and u′′

b⃗⃗b
are actually first- and second-order derivatives of the function

along the curve Li. If we now revert the sequence in which we obtained (7.6) but only on the curve
Li, it is not hard to see, that the restrictions of the functions u̇j+ 1

4
|Li = u̇i

j+ 1
4

and uj+ 1
2
|Li = ui

j+ 1
2

are well-defined and can be found by solving the following 1D variational problem
find u̇i

j+ 1
4

, ui
j+ 1

2

∈ H1
0 ([0, |Li|]) such that :

(u̇i
j+ 1

4

, wi) + θ∆tsi(u̇
i
j+ 1

4

, wi) = ⟨li, wi⟩ − si(uij , wi),

ui
j+ 1

2

= uij +∆tu̇i
j+ 1

4

, ∀wi ∈ H1
0 ([0, |Li|]), i = 1..n, j = 0, 1, ...,

(7.15)

where 

si(u, v) =

|Li|∫
0

(µu′v′ + ∥β⃗(x̃i(τ))∥u′v + σuv)dτ,

⟨li, v⟩ =
|Li|∫
0

f(x̃i(τ))vdτ ∀u, v ∈ H1
0 ([0, |Li|])

and x̃i(τ) is a natural parametrization of the curve Li found from the equation (7.8).
In the same way we can consider the arbitrary curve Ki ∈ G. Using the same procedure we can

build corresponding 1D variational problem for that curve
find u̇i

j+ 3
4

, uij+1 ∈ H1
0 ([0, |Ki|]) such that :

(u̇i
j+ 3

4

, wi) + θ∆tmi(u̇
i
j+ 3

4

, wi) = −mi(u
i
j+ 1

2

, wi),

uij+1 = ui
j+ 1

2

+∆tu̇i
j+ 3

4

, ∀wi ∈ H1
0 ([0, |Ki|]), i = 1..m, j = 0, 1, ...,

(7.16)

where

mi(u, v) =

|Ki|∫
0

µu′v′dν.

It is also important to note that if the original problem (2.1) is singularly perturbed by dominated
advection, then upon examining the problem sets (7.15) and (7.16), we observe that only the problems
in (7.15) will be singularly perturbed in this case. This implies that solving the second set of problems,
as given by (7.16), can be performed without the need for any stabilization.

This property is specific to the method we have developed, unlike some other similar schemes,
where the splitting is done merely along the X and Y directions. While this method introduces some
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overhead, in the context of parabolic problems where we must solve for a large number of time slices,
this overhead can be neglected. This is due to the fact that all computations required to construct
the curvilinear grid are performed only once, prior to the starting of time integration loop.

To solve the obtained 1D problems approximately, we can apply the finite element method.
Thus, we have transformed the two steps from (6.2) into two sets of independent boundary value

problems (BVPs) defined on the different sets of orthogonal curves. Therefore, we need the ability to
interpolate the values of a function defined on one set of curves to the other set of curves, orthogonal
to the first one. This interpolation is necessary in order to substitute the values ui

j+ 1
2

obtained from
(7.15) into (7.16). The latter are technically defined on a different set of curves, which intersect at a
series of points (see Fig. 7.1).

7.1 Mapping onto the intermediate grid

In the next two subsections we describe a simple approach for the interpolation of the function
values between two systems of curves, defined in the previous sections. It uses the idea from the
approach that was used in [5] for interpolation.

Let us define the bounding box for Ω as

P = [a, b]× [c, d] =

=

[
min

(x1,x2)∈Ω̄
x1, max

(x1,x2)∈Ω̄
x1

]
×
[

min
(x1,x2)∈Ω̄

x2, max
(x1,x2)∈Ω̄

x2

]
.

Let us cover this bounding box by the rectangular grid of cells R = {Cij}, defined using M
horizontal and N vertical lines (including ∂P ). So we have

P =
M−1⋃
i=1

N−1⋃
j=1

Cij ,

where
Cij = [a+ (j − 1)δx1 , a+ jδx1 ]× [c+ (i− 1)δx2 , c+ iδx2 ] (7.17)

and δx1 = (b− a)/N , δx2 = (d− c)/M .
Let us define the set of all internal nodes

Rp = {(a+ jδx1 , c+ iδx2)|i = 1,M − 2, j = 1, N − 2}. (7.18)

Consider the sets of internal horizontal (Rh) and vertical (Rv) cell boundary segments

Rh = {Ci−1,j ∩ Cij |i = 2,M − 1, j = 1, N − 1},

Rv = {Ci,j−1 ∩ Cij |i = 1,M − 1, j = 2, N − 1}.

Fig. 7.4 demonstrates the example of such bounding box with the rectangular grid, covering the
initial domain Ω̄. It also depicts the boundary part Γ

β⃗
and the finite set of the advection curves

B = {x(τ, ξi)}ni=1, which was defined earlier (see (7.1)).
Our aim is to interpolate the obtained integral curves from the set B and the corresponding

values of some arbitrary function α(x), defined on those curves, onto the set of the grid nodes (7.18)
of the defined rectangular mesh of cells (7.17).
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Fig. 7.3: Interpolation grid.

First of all, we should note, that to approximate the curves from B we use some ODE integration
methods like Runge-Kutta or similar. Thus, those curves will be defined numerically as a polygonal
chains, i.e., piecewise-linear curves, built on the certain sets of nodes. Let us use the same letter B
interchangeable to depict the set of those approximated curves, defined as polygonal chains.

Let us obtain the value in certain grid point in the above setting. First of all, let us consider the
set of all points lying on the curves (polygonal chains) from the set B

Bp = {x(τ, ξi)|τ ∈ Ti, i = 1, n},
where

Ti = {τ ∈ R|x(τ, ξi) ∈ Ω}.
Consider now some point Q ∈ Rp. Let us consider also two horizontal segments h1, h2 ∈ Rh,

h1 ̸= h2 and two vertical segments v1, v2 ∈ Rv, v1 ̸= v2 such that Q ∈ h1 ∩ h2 ∩ v1 ∩ v2.
Consider the sets of points of the intersection between segments h1, h2, v1, v2 defined above and

the integral curves from the set B. We can obtain them as

h̃i = hi ∩Bp, i = 1, 2, (7.19)

ṽi = vi ∩Bp, i = 1, 2. (7.20)

Algorithmically, we can find those points by finding intersection between polygon segment and
the grid lines and using linear interpolation on the polygonal chains B.

This construction is depicted on the Fig. 7.4.
Corresponding values of the function α(x) on the sets of points (7.19) and (7.20) in the computer

implementation can be found also using linear interpolation between the values of α on the subsequent
polygonal chain nodes.

Fig. 7.4: Interpolation grid node.

Consider now four points: Q1 ∈ ṽ2, Q2 ∈ h̃2, Q3 ∈ ṽ1, Q4 ∈ h̃1, such that each selected point is
the closest intersection point to the point Q on a containing segment. Those points are depicted on
the Fig. 7.4.
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Let us define

λh =
∥Q−Q4∥
∥Q2 −Q4∥

,

λv =
∥Q−Q3∥
∥Q1 −Q3∥

.

Using linear interpolation, let us define the approximations to the α(Q)

αh = (1− λh)α(Q4) + λhα(Q2),

αv = (1− λv)α(Q3) + λvα(Q1).

For the final approximation we consider

α(Q) ≈ αh + αv

2
.

Thus, taking α = ui
j+ 1

2

, we can use described procedure to interpolate the intermediate solution
onto the auxiliary rectangular grid.

7.2 Bilinear interpolation
After we have interpolated the values onto the auxiliary rectangular grid, we can easily interpolate

the value in arbitrary point and so we are able to map the values generated on β⃗ integral curves
onto appropriate γ⃗ curves and vice versa. For that we can use bilinear interpolation on each
grid cell Cij to find approximate values in the needed points. Suppose that we want to find the
value of the interpolated function at the point (x1, x2) ∈ Ω. We have corresponding bounding box
P = [a, b]× [c, d] and we have the rectangular grid with N − 1 and M − 1 cells in row and column
respectively. If we enumerate cells along the coordinate axes using two indexes (ix1 , ix2), we can find
trivially the cell indexes for the point

ix1 =

⌈
x1 − a
b− a (N − 1)

⌉
+Ψ

(
x1 − a
b− a (N − 1), N − 1

)
and

ix2 =

⌈
x2 − c
d− c (M − 1)

⌉
+Ψ

(
x2 − c
d− c (M − 1),M − 1

)
,

where

Ψ(q,m) =

{
1, if {q} = 0 and q < m;
0, otherwise

and by {} we denote fractional part of a number.
Suppose, that we have the following corner values of some function w for the cell Cix2 ix1

:
p11, p12, p21, p22 (bottom left, bottom right, top left, top right). Then, we can interpolate those
values to find approximate value of target function in the point (x1, x2)

I(x1, x2) = (1− λx2)(1− λx1)p11 + λx2λx1p22+

+ (1− λx2)λx1p12 + λx2(1− λx1)p21,

where

λx1 =

{{
x1−a
b−a (N − 1)

}
, if x1 < b;

1, otherwise



48 Drebotiy R., Shynkarenko H.

and

λx2 =

{{
x2−c
d−c (M − 1)

}
, if x2 < d;

1, otherwise.

8 Numerical experiment
Let us consider 2D problem (2.1) on a unit square Ω = (0, 1)2 with the following data

µ = 1, β⃗(x1, x2) = (−5(x2 + 1), 5(x1 + 1))T , σ = 1, f(x1, x2) ≡ 5.

We used the parameter θ = 0.5 in (7.15) and (7.16) for the simulations, which, in fact, defines
the classical CrankNicolson scheme. We set ∆t = 0.001 and executed 200 time iterations. Despite
the usual operator splitting, time discretization and finite element errors, we also have in our scheme
errors resulting from the interpolation mapping between the substeps of the recurrent scheme. Thus,
we also wish to explore how this mapping impacts the error of the scheme. To do so, we ran
computations with different intermediate rectangular grid sizes M ×M for M = 15, 25, 50, 75, 100.

The entire code is written in Python. We measured the relative error in the L2 norm with respect
to the approximate solution, obtained using the FEniCS library as a reference. Fig. 8.1 demonstrates
the concentration evolution over time. Figures 8.2 and 8.3 show the dependence of the relative error
on the interpolation grid size: per time step and total. The order of convergence with respect to
grid size ranges from 1.0 to 1.8, with an average value of 1.26.

Fig. 8.2 demonstrates a significant dependence of the error on the grid size and thus shows that
the interpolation step is very critical in the algorithm. One may also note that at the beginning, the
error accumulates a bit and then stabilizes. This reflects the fact that our solution to the parabolic
problem stabilizes in time and converges to the solution of the stationary problem. At the same
time, this shows that the repeated usage of the interpolation step does not cause instability due to
error accumulation over time.

Fig. 8.1: Time evolution of the approximation for time steps 1, 5, 15, 30, 100, 200 (left to right, top
to bottom). Intermediate grid size is 50× 50.

As a conclusion, we can say that there is a good chance to improve the scheme by enhancing
the interpolation step. One possible improvement to the constructed scheme is to eliminate the
bilinear interpolation step entirely by directly mapping the intersection points between the two
sets of integral curves. Further improvement would also require shifting the finite element nodes
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Fig. 8.2: Evolution of the relative error (%) for the approximation over time for different grid sizes
M .

Fig. 8.3: Total (space-time) relative error (%) dependence on the intermediate grid size.

in the 1D problems to the intersection points, thus eliminating any interpolation on the side of
the 1D problems defined on curves. It seems reasonable to exploit the fact that the segments of
the curves are orthogonal at each intersection point. One idea is to construct a set of "buckets"
containing groups of segments with similar "azimuthal angles". This would allow us to quickly
identify the segments of the opposite curve group that intersect with a given segment from the other
set of orthogonal curves. This idea has not yet been implemented and is also considered for further
research and improvement.

9 Discussion on practical applicability to non-rectangular domains
While for testing, we implemented the method only for rectangular domains, it is obvious that,

in general, the proposed scheme is applicable to arbitrary domains. The only question is whether it
is possible to implement this method efficiently for arbitrary domains.

The major additional problem that arises in the case of arbitrary domains is the problem of
efficient detection of intersections between the integral curves of β⃗ (and similarly γ⃗) vector field with
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the boundary of the domain. Such intersections are needed to identify the end of the curve.
In general, the mentioned problem can be considered a line clipping problem. There are some

well-known algorithms for clipping the line segment by a "window", such as the CyrusBeck, Cohen-
Sutherland and LiangBarsky algorithms. However, not all of them are applicable for non-rectangular
clipping windows. For instance, for the mentioned algorithms, only the CyrusBeck algorithm can be
applied when the domain is non-rectangular. There are also new developments in this area, such as
a new algorithm from Vaclav Skala [16]. An article reviewing these algorithms is also provided by
the same author [15].

Typically, we can expect three possible complexities for such algorithms with respect to clipping
a single line segment: O(N), O(logN) and O(1), where N is the number of vertices in the clipping
polygon. The O(1) complexity might be surprising, but it is related to a different algorithmic model.
In general, the worst-case O(N) complexity can be seen in a simple search over all possible line
segments of a polygon. The O(logN) complexity can be achieved for convex polygons by leveraging
the fact that polygon vertices are typically given in sorted (counter)clockwise order. However,
algorithms with both complexities are not suitable for our case, since we will have many segments
from integral curves to test against the boundary segment, resulting in a huge overall complexity.

The best complexity we can achieve is O(1), which is the result of special preprocessing before
running the test. In short, a typical algorithm of this type uses some auxiliary rectangular grid (as
used in previous sections) and generates a list of possible matches between boundary segments and
those rectangular cells. This is done as preprocessing and the obtained data can be used to test
the intersection many times with different line segments against the same boundary polygon. Since
testing if a point is located in a specific rectangle from the grid is O(1), we can simply skip the "real"
intersection test in almost all cases (i.e., when the given point is located far away from the boundary).
In general, such algorithms also use more sophisticated constructs, such as projective/dual space
representation, etc. More details can be found, for example, in [15,17].

The last type of algorithms is the only one that can be used in combination with proposed
algorithm for building the curvilinear grid. An important note is that the complexity of constructing
such a preprocessed dataset is O(N).

10 Conclusions

In this article we have developed the splitting method for the advection-diffusion-reaction model,
which can be used to transform the two-dimensional problem into a set of smaller one-dimensional
problems that can be solved independently. This approach will reduce the number of qubits required
when using a quantum-assisted stabilized/adaptive-stabilized scheme for solving the obtained 1D
problems and it was specifically designed for that.

Possible improvements to the method are discussed.
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