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Анотацiя. Розглядається порiвняльне дослiдження методу граничних
iнтегральних рiвнянь (ГIР) та методу фундаментальних розв’язкiв (МФР) для
чисельного розв’язування внутрiшньої задачi Дiрiхле для тривимiрного рiвняння
Гельмгольца з комплексним хвильовим числом. Метод ГIР базується на поданнi
розв’язку у виглядi потенцiалу подвiйного шару та передбачає розв’язування
iнтегрального рiвняння Фредгольма другого роду iз використанням квадратур
на поверхнях, дифеоморфних до одиничної сфери. МФР апроксимує розв’язок
лiнiйною комбiнацiєю фундаментальних розв’язкiв iз точками джерела, розмiщеними
за межами областi, а невiдомi коефiцiєнти визначаються за допомогою колокацiї
на межi областi. Чисельнi експерименти проведено для областей з аналiтичною
параметризацiєю з використанням точних розв’язкiв для перевiрки похибок.
Результати демонструють, що МФР часто забезпечує кращу точнiсть, проте має мiсце
погана обумовленiсть матрицi системи, на вiдмiну вiд бiльш стiйкої системи методу
ГIР. Дослiдження висвiтлює компромiси мiж точнiстю, стiйкiстю та обчислювальною
складнiстю, властивi обом методам.

Abstract. This article presents a comparative study of the Boundary Integral
Equations Method (BIEM) and the Method of Fundamental Solutions (MFS) for the
numerical solution of the interior Dirichlet problem for the 3D Helmholtz equation with
complex wave number. The BIEM approach is based on the representation of the solution
via a double-layer potential and involves solving a Fredholm integral equation of the
second kind using quadrature rules on surfaces diffeomorphic to the sphere. The MFS
approximates the solution using a linear combination of fundamental solutions with source
points placed outside the domain and determines the unknown coefficients by collocation
on the boundary. Numerical experiments are conducted on geometries with analytic
parametrizations, using exact solutions for error validation. The results demonstrate
that while MFS often achieves higher accuracy, it suffers from severe ill-conditioning,
unlike the more stable BIEM system. The study highlights the trade-offs in accuracy,
stability, and computational complexity inherent to both methods.

Key words: Helmholtz equation, Dirichlet problem, boundary integral equations method, Nyström method, Wienert
quadratures, method of fundamental solutions.
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1 Introduction

Helmholtz-type equations have many different applications, for example, in problems of heat
conductivity, structural vibrations, wave scattering, and fluid-solid interaction, see [17]. Since
problems for the Helmholtz equation are widely used, there are a large number of methods for
their numerical solution. Popular numerical methods are the finite element method [16], the finite
difference method [25], BIEM [18], and meshless methods [23]. For the most part, the case of
two-dimensional problems is more studied, but there are also many studies of various problems
for the Helmholtz equation in three-dimensional domains. In this article, we continue the study of
three-dimensional problems for the Helmholtz equation, focusing on two main approaches: BIEM
and MFS, and compare their effectiveness.

The BIEM is often used to solve boundary value problems, see [8,18]. It has been successfully used
to numerically solve three-dimensional problems for the Laplace equation, based on the representation
of the solution in the form of a single layer potential [7]. Taking into account the boundary data,
a system of boundary integral equations is obtained, which is discretized by the Galerkin method
in a combination with Gauss-Legendre type quadrature rules, proposed by Wienert [24]. A similar
algorithm is used for the numerical solution of boundary value problems for the Helmholtz equation
in [13, 15]. In addition, in the mentioned works it is shown that under the condition of sufficient
smoothness of the input data and the boundary of the domain, the superalgebraic order of convergence
can be guaranteed. In [20] the Nyström method based on the Wienert’s [24] trigonometric product-
rectangle quadratures has been used. In our work, we use the representation of the solution in
the form of a double layer potential and use the Nyström method based on Gauss-Legendre type
quadratures to numerically solve the integral equation of the second kind.

The MFS is a popular meshless technique for solving various boundary value problems. It was
first introduced by Kupradze and Aleksidze in [19], and later applied to elliptic problems in [6, 9, 12].
It is also widely used for the numerical solution of boundary value problems for the Helmholtz
equation in 2D and 3D domains in [5, 21]. In MFS, the unknown function is approximated by a
linear combination of the fundamental solutions, with source points placed outside the solution
domain. By applying the collocation method, a system of linear equations is obtained to find the
unknown coefficients. The method exhibits high approximation accuracy, is simple to implement,
and requires relatively few computations.

Let us formulate the problem to be studied more precisely. Let D ⊂ R3 be a bounded simply
connected domain with a sufficiently smooth boundary Γ. The goal is to find a function u ∈
C2(D) ∩ C(D) such that it satisfies the Helmholtz equation with a complex-valued parameter

∆u(x) + κ2u(x) = 0, x ∈ D, κ ∈ C, Im(κ) > 0 (1.1)

and the Dirichlet boundary condition

u(x) = f(x), x ∈ Γ. (1.2)

For the Helmholtz equation with a complex parameter κ ∈ C and positive imaginary part
Im(κ) > 0, it is known that under suitable assumptions on the boundary Γ and for sufficiently
smooth boundary data f , the solution of the Dirichlet problem exists and is unique, see [11, 14] and
the references therein.

The structure of the article is as follows. In Sections 2 and 3, we apply the BIEM and
MFS, respectively, for the numerical solution of the problem (1.1)-(1.2). The results of numerical
experiments for both approaches are presented in Section 4, while the final conclusions are summarized
in Section 5.
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2 Boundary Integral Equations Method
In this section, we apply BIEM to numerically solve the problem (1.1)-(1.2). The solution of the

problem can be written in the form of a double layer potential

u(x) =

∫
Γ

φ(y)
∂Φ(x,y)

∂ν(y)
ds(y), x ∈ D, (2.1)

where φ ∈ C(Γ) is the unknown potential density, ν is the unit outward normal vector to Γ and Φ is
a fundamental solution of the Helmholtz equation

Φ(x,y) =
1

4π

eiκ|x−y|

|x− y| , x,y ∈ R3, x ̸= y. (2.2)

Applying the jump relations of the double-layer potential at the boundary [18], the function
(2.1) is a solution of the problem (1.1)-(1.2) if the density φ is a solution of the Fredholm integral
equation of the second kind

−1

2
φ(x) +

∫
Γ

φ(y)
∂Φ(x,y)

∂ν(y)
ds(y) = f(x), x ∈ Γ. (2.3)

We assume that the boundary Γ is diffeomorphic to the unit sphere S2

S2 = {p(θ, ϕ) = (sin θ cosϕ, sin θ sinϕ, cos θ), (θ, ϕ) ∈ [0, π]× [0, 2π)} .

Then there exists an analytic mapping q : S2 → Γ with a given non-zero Jacobian J , describing the
surface Γ.

Performing a change of variables in equation (2.3), we obtain the parametrized integral equation
on S2

−1

2
ψ(x̂) +

∫
S2

ψ(ŷ)K(x̂, ŷ) ds(ŷ) = f̃(x̂), x̂ ∈ S2, (2.4)

where, for simplicity, we denoted

ψ(x̂) = φ(q(x̂)), f̃(x̂) = f(q(x̂)), x̂ ∈ S2,

K(x̂, ŷ) =
∂Φ(q(x̂), q(ŷ))

∂ν(q(ŷ))
J(ŷ), x̂, ŷ ∈ S2, x̂ ̸= ŷ.

Note, K(x̂, ŷ) is a weakly singular integral kernel that can be written in the form

K(x̂, ŷ) =
M(x̂, ŷ)

|x̂− ŷ| , x̂, ŷ ∈ S2, x̂ ̸= ŷ

with

M(x̂, ŷ) =
eiκ|q(x̂)−q(ŷ)|

4π

(q(ŷ)− q(x̂), ν(q(ŷ)))
|q(x̂)− q(ŷ)|2

|x̂− ŷ|J(ŷ)
|q(x̂)− q(ŷ)| (iκ|q(x̂)− q(ŷ)|+ 1) .

Theorem 2.1. For any f ∈ C(Γ) equation (2.3) has a unique solution φ in C(Γ).
Proof.We present a sketch of proof. Due to the weak singularity of K(x̂, ŷ), operator in the

left-hand side of (2.3) is compact by the Theorem 2.6 in [11]. For the homogeneous right-hand side
f = 0, taking into account that interior Dirichlet problem has at most one solution (see theorem
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(3.10) in [11]), it implies φ = 0. By the Riesz theory [18][Ch. 3, Thm. 3.4 and Cor. 3.5] the boundary
integral equation (2.3) has a unique solution for any f ∈ C(Γ). □

Note, due to the analyticality of q well-posedness of (2.3) also applies to (2.4). In order to
discretize (2.4), we consider Gauss-Legendre quadrature rules, proposed by Wienert [24].

For a given space discretization parameter N ∈ N the following values are defined

p̂β,µ = p (ϑβ, φµ) , ϑβ = arccos ξβ, φµ =
π

N
µ,

w
(1)
β =

2π

N(1− ξ2β)
(
P ′
N (ξβ)

)2 , β = 1, . . . , N, µ = 0, . . . , 2N − 1,

where ξ1 < · · · < ξN are the zeros of the Legendre polynomials PN [1].
For a given function f ∈ C(S2 \ {(0, 0,±1)}) approximation AN is defined as

(ANf)(x̂) =
N∑

β=1

2N−1∑
µ=0

w
(1)
β f(p̂β,µ) aβ,µ(x̂), (2.5)

where aβ,µ(x̂) =
N−1∑
n=0

2n+ 1

4π
Pn(x̂ · p̂β,µ) and by x̂ · p̂β,µ we denote a scalar product of two vectors.

Note, the poles are excluded from the continuity requirements, since values of the parametrized
functions f ◦ p at the poles may depend on the direction of approach (i.e. specific value of ϕ) and
may be not continous at the poles.
For the non-singular integrands, the following quadrature rule can be used

∫
S2
f(ŷ) ds(ŷ) ≈

∫
S2
(ANf)(ŷ) ds(ŷ) =

N∑
β=1

2N−1∑
µ=0

w
(1)
β f(p̂β,µ). (2.6)

For the weakly singular integrands, the following quadrature rule can be used

∫
S2

f(ŷ)

|n̂p − ŷ| ds(ŷ) ≈
∫
S2

(ANf)(ŷ)

|n̂p − ŷ| ds(ŷ) =
N∑

β=1

2N−1∑
µ=0

w
(2)
β f(p̂β,µ), (2.7)

where w(2)
β = w

(1)
β

N−1∑
n=0

Pn(ξβ) and n̂p = (0, 0, 1).

Both quadratures are obtained by approximation of the regular part of the integrand via
approximation AN and then using exact integration. According to results in [24], these quadrature
rules have super-algebraic or even exponential convergence order, depending on the smoothness of f .

By simple substitution, the quadrature rule (2.7) can be extended to a more general case

∫
S2

f(ŷ)

|x̂− ŷ| ds(ŷ) =
∫
S2

f(T−1
x̂ ŷ)

|n̂p − ŷ| ds(ŷ) ≈
N∑

β=1

2N−1∑
µ=0

w
(2)
β f(T−1

x̂ p̂β,µ), x̂ ∈ S2, (2.8)

where Tx̂ is usually a rotation, such that Tx̂x̂ = n̂p, see [24].
Applying (2.8) to the integral in (2.4), we get an approximation equation

−1

2
ψ(x̂) +

N∑
β=1

2N−1∑
µ=0

w
(2)
β ψ(T−1

x̂ p̂β,µ)M(x̂, T−1
x̂ p̂β,µ) = f̃(x̂), x̂ ∈ S2. (2.9)
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We observe that (2.9) contains values of the density ψ in the rotated nodes T−1
x̂ p̂β,µ. In order to be

able to construct a system of linear equations, we replace ψ(T−1
x̂ p̂β,µ) with its approximation by AN

(2.5)

ψ(T−1
x̂ p̂β,µ) ≈ (ANψ)(T

−1
x̂ p̂β,µ) =

N∑
β′=1

2N−1∑
µ′=0

w
(1)
β′ ψ(p̂β′,µ′)aβ′,µ′(T−1

x̂ p̂β,µ). (2.10)

Substituting (2.10) back into (2.9), we get

−1

2
ψ(x̂) +

N∑
β′=1

2N−1∑
µ′=0

ψ(p̂β′,µ′)w
(3)
β′,µ′(x̂) = f̃(x̂), x̂ ∈ S2, (2.11)

where w(3)
β′,µ′(x̂) = w

(1)
β′

N∑
β=1

2N−1∑
µ=0

w
(2)
β M(x̂, T−1

x̂ p̂β,µ)aβ′,µ′(T−1
x̂ p̂β,µ).

Collocating the equation (2.11) in the nodes p̂β2,µ2 , β2 = 1, . . . , N, µ2 = 0, . . . , 2N − 1, we get a
2N2 × 2N2 system of linear equations for the unknown values ψ(p̂β2,µ2)

−1

2
ψ(p̂β2,µ2) +

N∑
β′=1

2N−1∑
µ′=0

ψ(p̂β′,µ′)w
(3)
β′,µ′(p̂β2,µ2) = f̃(p̂β2,µ2). (2.12)

After solving (2.12), the approximate solution of (1.1)–(1.2) can be found by applying qudrature
rule (2.6) to (2.1)

uN (x) =

N∑
β2=1

2N−1∑
µ2=0

w
(1)
β2
ψ(p̂β2,µ2)

∂Φ

∂ν(y)
(x, q(p̂β2,µ2))J(p̂β2,µ2), x ∈ D.

Although the system (2.12) defines a Nyström discretisation for the boundary integral equation,
and error estimates for the quadrature rules are provided by Wienert in [24], the derivation of a
rigorous error estimate for the uN (x) is not available. As discussed in [24] (Chapter 8), the quadrature
weights w(3)

β′,µ′(x̂) involve a rotation of the spherical grid such that each evaluation point x̂ is mapped
to the north pole n̂p. This procedure introduces a discontinuity near the south pole, since the rotation
cannot be defined continuously over the entire sphere. As a result, the corresponding discrete integral
operators no longer map into C(Γ), which prevents the direct application of standard collectively
compact operators convergence theory.

3 Method of fundamental solutions
In this section, we apply the MFS for the numerical solution of the problem (1.1)-(1.2). The

function u is approximated by the linear combination of the narrowing of the fundamental solution
(2.2)

u(x) ≈
n∑

j=1

αjΦ(x,yj), x ∈ D, (3.1)

where n ∈ IN, yj /∈ D, j = 1, . . . , n are selected source points (or singularities) and αj ∈ IR, j =
1, . . . , n are coefficients to be determined. Since the source points yj are located outside the
domain D, the approximation (3.1) is well-defined for all x ∈ D. In [3], it is shown that the basis
{Φ(·,yj), j = 1, . . . , n} is linearly independent and dense in L2(D).

The unknown coefficients are determined by collocating on the boundary Γ. As in the BIEM
approach, we assume that there exists a describing function q for the boundary Γ. Then, the
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collocation points xk, k = 1, . . . ,m, m ∈ IN are uniformly distributed on the boundary Γ according
to the following rule

{xk} = {q(p(θs, ϕρ))} , with θs =
π

m′ + 1
s, s = 1, . . . ,m′, ϕρ =

π

m′ ρ, ρ = 1, . . . , 2m′,

for m′ ∈ IN, we then have a total of m = 2(m′)2 collocation points. Source points are uniformly
distributed on an enlarged artificial surface by the following rule

{yj} =
{
ηq(p(θs′ , ϕρ′))

}
, with θs′ =

π

n′ + 1
s′, s′ = 1, . . . , n′, ϕρ′ =

π

n′
ρ′, ρ′ = 1, . . . , 2n′,

where η > 1 is a magnification parameter and n′ ∈ IN, having in total n = 2(n′)2 source points.
Source points should be placed not too close and not too far from the boundary Γ. When the source
points are located too close to the boundary, then the source and collocation points are close to each
other, and this leads to singular behavior in the approximation. As the distance between the domain
boundary and the source points increases, the results improve. However, placing the source points
too far from the boundary results in an ill-conditioned matrix.

By imposing the boundary condition (1.2) at the collocation points, we obtain the following
system of linear equations for finding the unknown coefficients

n∑
j=1

αjΦ(xk,yj) = f(xk), k = 1, . . . ,m. (3.2)

In general, the number of collocation points should be greater than or equal to the number of
source points, m ≥ n, see [10]. When m > n, the system (3.2) can be solved using the least squares
method. In this research, we consider only boundaries diffeomorphic to the unit sphere, but it is
obvious that the collocation and source points can be easily selected even in the case of more complex
domain configurations. For more details about other distributions, we refer to [10].

MFS error estimation is less studied than for BIEM. Several studies have investigated the stability
and convergence of the MFS for the 2D Helmholtz equation, as discussed in [4, 26]. Additionally, [4]
notes that the MFS exhibits exponential convergence with respect to increasing n, for an admissible
set of source points in circular domains and for analytical input data. The main drawback of the MFS
is the high condition number of the matrix in the system (3.2). Sometimes, additional regularization
techniques are required to obtain a stable solution, see, for example, [22]. It is also known that the
condition number of the matrix is inversely proportional to the accuracy of the solution, see [2, 22].

4 Numerical examples
In this section we describe the results of two numerical experiments. For both examples, we use

the exact analytical solution of the Helmholtz equation. To measure the accuracy of the numerical
approximation, we use the following discrete L2 error

E =
1

Ñ

 Ñ∑
m=1

Ñ∑
j=1

|uex(xm,j)− uapp(xm,j)|2
1/2

, (4.1)

where uex is the exact solution, uapp is the approximate solution and Ñ = 10. The test points xm,j

are uniformly distributed on a diminished artificial surface located within the solution domain D,
according to the following rule

xm,j = 0.5q(p(θm, ϕj)), θm =
π

Ñ + 1
m, ϕj =

2π

Ñ
j, m, j = 1, . . . , Ñ .
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Example 4.1. In the first example, we consider the domain D (see Fig. 4.1a) with an acorn-type
boundary surface Γ, with the following parametrization

Γ = {r(θ, φ)(sin θ cosϕ, sin θ sinϕ, cos θ), (θ, ϕ) ∈ [0, π]× [0, 2π]} ,

where r(θ, φ) = 0.2
(
0.6 +

√
4.25 + 2 cos 3θ

)
.

a) Domain in Example 4.1 b) Domain in Example 4.2

Fig. 4.1: Domains used in both examples.

As an exact solution, we use the narrowing of the fundamental solution (2.2)

uex(x) = Φ(x,y∗), x ∈ D, y∗ = (0, 0, 5).

Then the boundary function is given as f(x) = Φ(x,y∗), x ∈ Γ. In both examples the magnification
parameter used in MFS is η = 2. The value was chosen based on several numerical experiments, and
is a good balance between good accuracy and an acceptable value of the matrix condition number.

Table 4.1 shows the errors E, computed by (4.1), for different values of κ and increasing N
(or n), for both BIEM and MFS. Since for MFS the matrix becomes very ill-conditioned, Fig. 4.2
shows the dependence of errors and condition numbers of the final matrix, with increasing N (or n),
for both BIEM and MFS, for κ = 1. As can be seen, for BIEM conditional number of the matrix
remains the same and small, which contrasts with MFS, where the conditional number increases
rapidly. However, on the other hand, the errors E in the case of using the MFS are smaller.

Table 4.1 . Errors E, computed by (4.1), for different values of κ and increasing N (or n), for the Example 4.1.

BIEM MFS
N Nodes κ n m κ

i 1.1 + 1.3i −1.3 + 1.9i i 1.1 + 1.3i −1.3 + 1.9i

4 32 3.60e− 06 9.16e− 07 6.21e− 08 32 72 1.51e− 07 5.58e− 08 5.75e− 09

8 128 3.31e− 07 7.55e− 08 4.52e− 09 128 200 1.92e− 09 7.89e− 10 1.02e− 10

16 512 1.38e− 09 2.98e− 10 2.28e− 11 288 392 3.49e− 11 1.61e− 11 2.04e− 12

32 2048 6.55e− 12 7.95e− 12 1.15e− 12 800 968 1.00e− 14 1.12e− 14 1.56e− 15
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Fig. 4.2: Errors E (4.1) (blue color) and matrix condition numbers (red color), for both approaches,
when κ = i and N (or n) increases, in the Example 4.1.

Example 4.2. In the second example, we consider the domain D (see Fig. 4.1b) with a
cushion-type boundary surface Γ, with the following parametrization

Γ = {r(θ, φ)(sin θ cosϕ, sin θ sinϕ, cos θ), (θ, ϕ) ∈ [0, π]× [0, 2π]} ,

where r(θ, φ) =
√

0.8 + 0.2(cos(2φ)− 1)(cos(4θ)− 1).
As an exact solution, we use the following function

uex(x) = eiκx1 , x ∈ D.

Then the boundary function is given as f(x) = eiκx1 , x ∈ Γ. Table 4.2 shows the errors E, calculated
by (4.1), for different values of κ and increasing N (or n), for both BIEM and MFS.

Table 4.2 . Errors E, computed by (4.1), for different values of κ and increasing N (or n), for the Example 4.2.

BIEM MFS
N Nodes κ n m κ

i 1.1 + 1.3i −1.3 + 1.9i i 1.1 + 1.3i −1.3 + 1.9i

4 32 1.46e− 02 1.23e− 02 1.99e− 02 32 72 3.67e− 04 1.74e− 03 3.58e− 03

8 128 2.14e− 03 2.14e− 03 1.72e− 03 128 200 2.57e− 06 6.65e− 06 1.18e− 05

16 512 5.55e− 05 3.74e− 05 7.43e− 05 288 392 3.88e− 08 9.47e− 08 1.30e− 07

32 2048 4.73e− 07 2.44e− 06 6.16e− 06 800 968 4.44e− 09 3.94e− 09 9.04e− 09

Numerical results are generated in Octave and executed on an ordinary workstation having an
Intel(R) Core(TM) i7 CPU at 2.60 GHz. The typical computation time for BIEM for N = 32 is 300
seconds and for MFS for n = 800 is 60 seconds (time includes preparation of all results).

As the results of numerical experiments show, both methods provide good approximations for
different domains D and input data f . In addition, both approaches are suitable for a wide range of
parameter values κ. BIEM demonstrates higher stability: even with an increase in the discretization
parameter N , the matrix condition number remains low. In contrast, MFS is distinguished by its
simplicity of implementation and provides a more accurate approximation, but for large discretization
parameters, it can lead to ill-conditioned matrices, which, in turn, can cause instability of the solution.
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5 Conclusions
In this article, two effective approaches for the numerical solution of the three-dimensional interior

Dirichlet problem for the Helmholtz equation with a complex wave number were investigated. MFS
is characterized by simplicity of implementation, high speed and accuracy, while the BIEM, although
more complex, demonstrates higher numerical stability. In future work, we plan to use both methods
as components in the construction of more complex algorithms for solving non-stationary problems.
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