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FOR THE KLEIN—-GORDON EQUATION USING THE LANDWEBER
METHOD BASED ON INTEGRAL EQUATIONS

ANDRIY BESHLEY!

! Department of Computational Mathematics,
Ivan Franko National University of Lviv,
1, Unwersytets’ka str., 79000, Lviv, Ukraine

Anotramusti. Y 1iit poboTi po3riIsiHYyTO Hab/IMXKeHe PO3B’sa3yBanHs 3aadi Kot s
piBugaus Kireitna-I'opona y aBoBumipHiit 1B0o3B sa3Hil ob1acTi. Yepe3 HeKOpeKTHUIT
xXapakTep 3a/1a4i 3aCTOCOBAHO iTepariitnuit meron perynsipusarii Jlanasebepa. Koxna
iTeparllisg BK/IIOYa€ PO3B’I3yBaHHs JIBOX KOPEKTHO ITOCTAB/ICHUX MIIIAaHUX KPAMOBUX 33129
Hipixire-Heiitmana. o KoKHOT i3 1IUX 387849 3aCTOCOBAHO METOJI I'PAHNYHUX IHTEI'PAJTbLHUAX
PiBHSHB 3 BUKOPUCTAHHAM IOTEHITIAJIB Ta OTPUMAHO CUCTEMY IHTEI'DAJIbHUX PIBHAHD
JIPYTOro POy, Ky PO3B’sA3aHO 3a J0IOMOro Meroay Hucrphoma micss napamerpusariii
Ta 3 BpaxyBaHHAM 0cOOJIUBOCTel B siapax. JucesbHI eKcliepuMeHTn [t 3a1adi Korrri
HaBEJIEHO JJIsI iafocTpaliil e(peKTHBHOCTI Ta TOYHOCTI 3aIIPOITOHOBAHOTO ITiIXOJLY.

Asstract. This work addresses the numerical solution of the Cauchy problem for
the Klein-Gordon equation in a two-dimensional doubly connected domain. Due to
the ill-posed nature of the problem, the Landweber iterative regularization method is
employed. Each iteration involves solving two well-posed mixed Dirichlet—Neumann
boundary value problems. For each of these problems, the boundary integral equation
method is applied using potential theory, resulting in a system of second-kind integral
equations. This system is solved using the Nystrom method after parameterization
and with appropriate handling of the kernel singularities. Numerical experiments for
the Cauchy problem are provided to demonstrate the effectiveness and accuracy of the
proposed approach.

1 INTRODUCTION

Let Dy C R? be a bounded domain with boundary 9Dy =I's. Let Dy C R? be a domain with
boundary 0D = T'y, such, that D; C Dy. Define the domain D as D = Dg\ﬁl with boundary
0D =T UTy, where I'; € C3, 'y € C2. We denote by v the outward-pointing unit normal vector
to the boundary (see Fig. 1.1).

We consider the Cauchy problem for the Klein-Gordon equation. The aim is to find a function
u € C%(D) N CY(D), that satisfies the following partial differential equation

Au—k*u=0 in D, (1.1)

where x > 0 is a given constant.
The Cauchy data are prescribed on the boundary I's C 0D in the form

ou
u = fl, % = f2 on Fg, (1.2)
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Fig. 1.1: Doubly connected domain

with f; and fs being sufficiently smooth functions.

Our objective is to reconstruct the Cauchy data on the inner boundary I'y, which is assumed to
be inaccessible to direct measurements.

For a discussion of the uniqueness of the solution to the Cauchy problem defined by equation
(1.1) and Cauchy data (1.2), the reader is referred to |5]. However, the solution generally does not
exhibit continuous dependence on the input data. This lack of stability characterizes the problem
as ill-posed in the sense of Hadamard, making the application of standard (classical) numerical
methods unsuitable. In [8], the alternating method was applied to problem (1.1)—(1.2). In this
work, we consider another iterative approach, the so-called Landweber method [2,4,6,7] to solve
the problem (1.1)—(1.2). Both the Landweber and alternating methods [3, 6] require solving two
mixed boundary value problems per iteration. However, we apply the Landweber method, where
both mixed problems are of the same type (Dirichlet~Neumann). This implies that the matrix
of the linear system received by numerical solution of the integral equations associated with one
problem is identical to that of the other, differing only in the right-hand side. Therefore, the matrix
assembly needs to be performed only once and can be reused in all iterations. This reduces the
computational cost compared to the alternating method, where two mixed problems require at least
two distinct matrices to be assembled and stored. Additionally, our motivation is to employ the
classical Landweber method for the problem (1.1)—(1.2) as a basis, with the possibility of further
applying its modification [2], which in a special case will be equivalent to the alternating method.

The sections of this paper are organized as follows: Section 2 focuses on the Landweber method
and its implementation. Section 3 presents the numerical solution of the mixed Dirichlet—Neumann
problem using the boundary integral equations method. Numerical examples corresponding to
well-posed mixed and ill-posed Cauchy problems for different domain configurations are discussed in
Section 4. Finally, Section 5 concludes the paper with closing remarks.

2 A LANDWEBER ITERATIVE METHOD

The Landweber iteration is a classical iterative regularization method for solving ill-posed linear
equations of the first kind [9]. Therefore, we reformulate the Cauchy problem to apply this approach.
We consider the following mixed boundary value problem

Au—k*u=0 in D, (2.1)
u=~h on Fl, gz = fQ on FQ. (2.2)

Define a linear operator
Kh = u|r,,
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where w is the solution to the mixed boundary value problem (2.1)—(2.2) with fo = 0.

Since the Cauchy problem admits a unique solution, the operator K has a trivial kernel, i.e.,
ker(K') = {0}. Further, without loss of generality, we assume that fs is zero. Therefore, the original
problem (1.1)—(1.2) is equivalent to solving the operator equation

Kh=f. (2.3)

We also introduce another mixed boundary value problem

Av—r*v=0 in D, (2.4)
0
v=0 onTy, a—;):g on Ty. (2.5)
Using Green’s identity, one can show that the adjoint of K is given by
K*g = - @ )
ov|p,

where v solves the problem (2.4)—(2.5). We now present the steps that lead to this result. The
adjoint operator K* is defined by the following relation

(Kh,g)p2 = (h7K*g)F17 Vh € LQ(Fl)v g E LQ(F2)

To derive the form of K*, we use Green’s second identity for two sufficiently smooth functions u

and v defined on D 5 5
v u
/D (uAv — vAu) dx = /8D <u8y — U8V> ds,

where u and v solve the (2.1)—(2.2) with fo = 0 and (2.4)—(2.5), accordingly.
Substituting into Green’s identity we obtain that

ov ou
2. 2 _ ov  ou _
/D(un vV — VK u) dr =0= - <u81/ Ua;,) ds = 0.

Taking into account boundary conditions we get

/havds—i-/ ugds = 0,
r, Ov Iy

(Kh, g)FQ = (h‘a _%)Fr

By the definition of the adjoint operator, the above identity shows that

which is equal to

The classical Landweber method for solving the operator equation (2.3) is defined by the following
iterative scheme
hi = hg—1 —nK*(Khg—1 — f1),

where n > 0 — is a relaxation parameter and K* denotes the adjoint operator of K.

Thus, the Landweber method applied to the Cauchy problem (1.1)—(1.2) consists of iteratively
solving two mixed boundary value problems on the domain D: one to evaluate Kh, and another to
compute K*g. Let fi and fs be as defined in the original Cauchy problem. The iterative procedure
for approximating the solution to the problem (1.1)-(1.2) is as follows:
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e Choose an arbitrary initial guess hg. Solve the first mixed boundary value problem (2.1)—(2.2)
to obtain ug, using the condition ug = hg on I';.
e Solve the problem (2.4)—(2.5) to find vy, where the Neumann condition on I'y is given by

Ouy _
ay_go

with go = ug — fl-
e For iteration k£ > 1, assume ug_1 and vi_q are known. Then

— Define 5
hi, = hp—1—n 12;-1 , n>0.
v p,
— Solve the problem (2.1)—(2.2) with ux = hg on I'y to obtain uy.
— Set
gk = uk — f1

and solve the problem (2.4)—(2.5) for vy, using % = g on I's.

The iterative process continues by repeating the final step described above. As a stopping
criterion, the discrepancy principle can be applied to ensure stability in the presence of noise.

Note, that while the operator K is defined using a homogeneous Neumann data on I's, the actual
problem (2.1)—(2.2) in the Landweber iteration is solved using the original (non-zero) boundary
condition fo. The presence of non-zero fs can be incorporated by decomposing the solution into
a particular part corresponding to fo and a homogeneous part. Therefore, solving the problem
(2.1)—(2.2) with fa # 0 in each iteration is consistent with the original Cauchy problem and leads to
convergence of the method.

The convergence result follows from the general theory of the Landweber iteration for solving
ill-posed linear operator equations [9].

Theorem 2.1. Assume that problem (1.1)-(1.2) has a bounded solution with trace h on the
boundary I'y. Let hy be the k-th approximate solution on the boundary I'y given by the procedure
described above. Then, for sufficiently small n > 0 and for any smooth initial data hg,

klg& Hh - thL2(F1) =0.

It is worth mentioning that the magnitude of 7 can be estimated based on the norm of the operator
K [9]. Also, note that convergence of the Landweber method in other weight spaces is considered
in [10].

3 AN INTEGRAL EQUATION METHOD FOR THE DIRICHLET-NEUMANN PROBLEM

The mixed boundary value problem (2.1)-(2.2), or similarly (2.4)—(2.5), will be addressed by
reducing it to a system of second-kind boundary integral equations. The solution is represented as a
combination of single-layer and double-layer potentials

uw) = [ )" + [ )@l dsty). we D 3.)

with unknown densities 11 € C(I'1) and po € C(I'2). Here ®(k; 2, y) = 5= Ko(k|lz —y|) — fundamental
solution of the operator (1.1), where Ky is the modified Bessel function of the second kind and
zeroth order [1]

(2%/4)*
(kD2

Ko=) = In %Io(z) +3 02+ gk + 1))
k=0
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where
(/0 St
k=0 k=1

Here v is the Euler’s constant. Note that I)(z) = I1(z), K{((z) = —K1(z), where K;(z) — modified
Bessel function of the 2-nd kind and 1-st order and Iy(z), I1(z) are the modified Bessel function of
the 1-st kind of 0-th and 1-st order, respectively [1].

By matching the representation (3.1) with the given boundary conditions (2.2), and using
well-known properties of single and double-layer potentials and their derivatives on the boundary of
the domain D we obtain the following system of integral equations of the second kind

1
(51 + 7311)#1 + So1p2 =h  on Iy,

. (3.2)
Tiop1 + (51 + sz)ﬂz =fa only

with introduced operators

(Stpip) () = /F o()B(; 2, y)ds(y), @€ Ty,

o)) = [ o) 0D gyy), e,

Iy ov(y)

T ) = 5 | o) 22TV gy per,

ov(zx) ov(y)
Quoe) = [ o) et sy, wer,

for k,p=1,2.
Note, that in case of k = p using Maue transformation, similarly to what was used in [11],
(Trkp)(z) can be rewritten as

0 OP(r;x,y) [ Op,  0P(k;w,y)

ov(x) / () ov(y) ds(y) = %(y) 00(x) ds(y)—
Ty T (3.3)
_K/er gp(y)(IJ(/Q; €, y)[v(a;) ’ y(y)]ds(y), z € Ik,

where 6 - denotes unit tangential vector, counterclockwise oriented.

Theorem 3.1. Let I'; and I's € C?. Assume the boundary data satisfy h € C(T'1), fo € C(Is).
Then the system of boundary integral equations (3.2) of the second kind admits a unique solution
ur € C(Ty), k = 1,2, which depends continuously on the given data.

Proof. Since operators in (3.2) contain continuous and weakly singular kernels, therefore they are
compact in C'(T';) and C(T'2). Then from the Riesz theory [12] and the uniqueness of the solution of
the problem (2.1)—(2.2) there exists a unique solution that depends continuously on the right side. [J

Remark 3.2. For the Landweber iteration, one needs to evaluate the normal derivative of the
solution represented in (3.1) on the interior boundary I'y, which involves hypersingular integral (3.3)
For the numerical computation we use the right side of (3.3), so the density p; must possess at
least one continuous derivative. Therefore, in practice, we assume 1 € CY(I'1), and in this case we
require h € C1(T'y), and the boundary I'y € C3.

Let

Iy = {xk(t) = (ijl(t)al'lﬂ(t))v te [0,271’]}, k=12,
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where 7 : R — R?, x1 € C3[0,27] x C3[0,27], 22 € C?[0,27] x C?[0,27] and 2m-periodic with
|z (t)] > 0 for all ¢ € [0, 27].

Taking into account the parametric representation of I'y, we rewrite the system (3.2) in the
following equivalent parametric form

(%I + Z511><Z51 +Sa1¢2 = h,
Tiog1 + (%I + ézz)qﬁz = fo

with parametrised integral operators

(3.4)

27 2T
(Sd)(®) = 5 [ oISt T)dr, Bpd)t) = 5 [ o(r)Diglt, ),
0 0
1 2 1 2m
(@u)(0) = 5 [ 6rIQupltrIr, (Topd)(t) = oo [ G(rTig(t 7
0 0

where @y (t) = i (@r (D), kp = 1,2 h(t) = h(zi(8)), Jalt) = falaa(®), t € [0,27].
Considering functions Ky and K, the kernels of the integrals operators of the system (3.4),

including those in which the logarithmic singularity is concentrated, can be presented in the following
form

Sup(t, 7) = Ko(klap(t) — zu(r))]ai (7). p#F,

t—T1

Sr(t,T) = S,%k(t,T) In (4 sin? ) + S,gk(t,T)

with )
SiwltsT) = —5lo(klzk(t) — @ (T))|=i(7)];
) S’kk(t,T)—S,ik(t,T)ln(éLsith_T), t# 7T,
St =0 1 RlROPy )
—5 I (D )] - a0, t=
Dig(t,7) = w1 wlay(1) = () P2t oy
Die(t,7) = Dhy(t,7) In (4sin - ") + Diu(t,7)
with
Ly oty — ey O 50D ()
Dy (t, ) = g N1(slan(t) = (™)) |2k (t) — 2x(7)| .t
0, t=r,
Dyi(t,7) — D}(t, 7) In 4sin2t_ ) t# T,
Dhsltsm) = TAURZERD) o

2z

Quplt. ) = =k (el (1) = 7)) 2O Lk Oy




8 Beshley Andriy

Qrr(t,7) = Q,{zk(tﬁ) In (4 sin? t ; T) + Qik(tﬂ')

with
1 (z(t) — an(7)) - v(@k(t), ,
Qri(t,7) = { ~gf1sle(t) ~ =) |2k (t) — 21 (7)] il 1#
0, t=rT
Qrr(t,7) — Q,lgk(t,T) In (4 sin? L= ) t#T
AWl = () () .
20z () 7 B
Thp(t,7) = |2} (7)| | K2Ny (2, 7) [KO(WP( ) (o)) + ket )_— ze(T))]
Klwp(t) — 2k (7)]
—kNa(t, 7) K1 (k|xp(t) — k(T p#k,
where

(ap(t) — 2(1)) - v ()][(zpt) — 2a(r)) - (gl
2000 — ca(r)P ’
@) vadm) N
Ml = = O~z ) -z

Considering the identity (3.3), the integral operator Tri can be rewritten in the form provided
below

Nl(t,T) = —

27
1 1 , T—1
Taw)0) = 5 [ [y @) eot 5 + 0 Tuatt, )] i
0
with .
Tie(t,7) = Hby (6, 7) I (45in? 1) 4 HE (8, 7),
where
T (2 2
Hy (1) = —Li) (t,7) = L (t,7),  HE(tm) = L (t.7) — LY (¢,7),
having

2

~ K
L0 (t,7) = S Io(slan(t)
t

Sl (rlak(t) — e

—xp(T))ar(t, 7)+
) 0t)  2a(t7)
\

k() — (7] |ew(t) - xk(T)\]’ T

2
~ K
L (t,6) = Tl o)),

,(31)( T) = Ekl(t,’i') — Z](Cll)(t,T) In (ﬁlsin2 t ; T>, t# T,

=@ o Lo, 1oyl R )
LR 1) = 2ak(t)] + 5r%a (0 5 In =220 49+

1 {i 1z @) () 1) - wp(t) | () - x%(t))z}
|27.(1)]

126 [ (1) 4 |ap )P 2]z ()
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denoting
m@ﬂ:@“”_“mﬂig@ﬁﬂﬂ_““”mﬂﬂj¢ﬂ au(t.1) = [ (1)
Also
Lii(t,7) = Ko(k|ap(t) — ap(r I[% i f,f&(—)gfk(j)‘);wk(r))wzmh
K (klar(t) — ai(7)]) | mﬁ()) _(xk((t;f 2,4(9%( ) = zk(7)) ‘xk(( )(_))x(:(k(;fig— w(7)) 'x;(f)h

1
4l (t)| sin

2t—1"
2

2 2

K K
£B(0,7) = "5 Tsla®) — a(Daa(t, ), L0 =~ ),
LIE:ZQ) (t,7) = Lgao(t,7) — L](Clz) (t,7)In (4 sin? t- T), t£T

with

ﬁ2 .CC/ 2
w00 =) (5 () ).
Lio(t,7) = k2 Ko(klz — y|) [v(xx(t)) - v(an(7)]|25(7)],

a2(t,7) = [v(xk(t)) - vk (7))l (7)].

Hence, the explicit view of (3.4) for t € [0, 27] will be

T) + DA (7)) + 62(7)Sar (8, 7) | dr = (),

%qbl(t) o [ [6) (Dl ) (45

2

7

0

2
-/
i

0

7) + Qhalt,7) ) |dr = Fal0).

(3.5)
Based on the well-posedness of (3.2), the system (3.5) has a unique solution that belongs to the
space of 2m-periodic continuous functions and continuously depends on the right-hand side.
Full discretisation of the system (3.5) can be obtained using the Nystrém method [12]. To this
end we split the interval [0, 27] with the nodes

%@(t) o [ [0 Tiat, )+ 6a(r) (@bt 1) In (45in*

ti="", j=0..2n-1neN,

apply the quadratures, see [8,12,13]

L L
m ) f(T)TN%Zf(J)

1 27
o

2n—1
f(7)In <4sin2t_T> dr =~ Z f(tj)R;(t)
=0
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2n—1

1 f()cot dTNZf

2 0

with weight functions

12_: tt+1 (t —t;)
n COSZ ] 2nCOSﬂ j

1
chosz (t—t)) —icosn(t—t]-),
=1

7 =0,..,2n — 1, and collocating in nodes tj

2n—1
1- 1 - - ~
SO+ o~ > [¢1j (Dh(ti,tj)Rj(tz’) + D%l(t%tj)) + ¢2j521(tmtj)] = hi,
. =

_ 12 3 s _
3%+ o ; [ﬁblem(tutj) + ¢2; (Qiz(ti,tj)Rj(ti) +Q§2(tzatj))} = fais

where qﬁkz ~ ¢i(t;), k = 1,2 are unknown approximated values of the densities, h; = h(t;), fgl =
folts), i=0,...,2n— 1.

The approx1mate solution % at any point in the domain can be obtained from the following
formula, using the approximate values of the densities

2n—1
u(z) = a(zr) = % Z [QNSUA(n;x,t ) 4 o A(k; .t )} x €D,
=0
where
(x = z1(ty)) - v(21(t)))

|z —21(t5)]
A(k;a,ty) = Kokl — a(t)])|25(t;)].

A(r;z,t5) = kK (k|2 — 21(t5)])

|21 (t5)],

By taking the trace on I's of the solution given by (3.1) and its normal derivative, and employing
the jump relations of the potentials, we obtain

u(z) :/r m(y)G(I)é;jz;’‘wflS(y)Jr/F p2(y)®(r; 2, y)ds(y), @ €Ty,

ou, . 0 0P (k;x,y) 0P (k;z,y)
5(@ = ou) /F1 Nl(y)T(y)ds(y) + /F2 Mz(y)T(w)dS(y)a z€TIh.

The parametric representations will be

27
w(@s(t)) = % / [61(T)Das(t, 7) + 2(r) St 7)]
0

2

ou 1 T
o) = o | [ ) eon T
0

+ou(r) (Bl (6, 7) n(45in? T ) 4 B (1,7)) + 0a(r) @1, 7).

The corresponding discrete approximations can be obtained using the quadratures mentioned
above
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2n—1

w(za(t)) ~ d(za(t)) = % > [cﬁqu(t,tj) + 2,52 (t, 1))

and

ou ou

1 -
oy (P1(0) = o) = 3 [T+

J
- 1 1 -
+¢1; (H111 (t,t;)R;(t) + %Hﬂ (t%)) + %@ij(t,tj)]-

The convergence analysis and error estimates for the applied numerical method can be justified
using the theory of collectively compact operators and the approximation properties of trigonometric
interpolation in appropriate Banach spaces (see [12]). Note that exponential convergence of the
approximation error is expected when both the boundary and the boundary data are analytic.

4 NUMERICAL EXAMPLES

Example 4.1. Let’s define the domain D using the following curves (see Fig. 4.1)
Iy = {z1(t) = (0.5cos(t),0.4sin(t) — 0.3sin?(t)), t € [0,27]}

and
Ty = {xo(t) = (0.9cos(t),0.4 + 0.9sin(t) — 0.75sin?(t)), t € [0, 27]}.

0.5

0.5

-1 0.5 0 05 1
X

Fig. 4.1: Domain D for the example 4.1

Considering the mixed Dirichlet-Neumann problem (2.1)—(2.2) we take that ue,(x) = ®(z,y*),
with y* = (1,1) and k = 1, so the boundary conditions are: h is a trace of ue, on I'y and fo is
defined as the normal derivative of the ®(x,y*) on I's or in other words

—k(x —y*) - v(z)Ki (k] —y*]))
2|z — y*|

fo(x) =

, x €l

Table 4.1 presents the maximum norm errors of the computed normal derivative values on I'y
and calculated numerical solution on I's for various discretisation parameters n. Additionally, the
absolute error of the solution is provided at a point z* = (0.5,0.4).
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Table 4.1. Errors for the mixed Dirichlet-Neumann problem in the Ex. 4.1

n | |ues(@”) —u(z")| | | 8353“ - %HC(D) [ttea — tllc(ry)
8 4.99E-05 1.62E-03 1.79E-03
16 6.25E-07 3.53E-05 1.58E-05
32 6.46E-11 4.01E-08 4.42E-09
64 2.78E-17 5.509E-14 4.72E-16

Example 4.2. To generate the input Cauchy data for the problem (1.1)-(1.2), we first solve the
mixed Dirichlet-Neumann problem using predefined input functions. This allows us to compute the
corresponding Cauchy data on both boundaries. As a result, we obtain the necessary input data for
(1.1)-(1.2), along with the solution and its normal derivative values on the inner boundary. These
values serve as reference data for validating the accuracy of the approximate solution. Note that the
constant k equals 1 for this and the next example.

The domain D is defined by two curves (see Fig 4.2)

'y = {z1(t) = (0.6 cos(t) + 0.2 cos(2t), 0.6 sin(t), t € [0, 27]},

Iy = {xo(t) = (1.2 cos(t), 1.2sin(t), t € [0, 27]}.

0.5

Fig. 4.2: Domain D for the example 4.2

In order to initialize the Cauchy data we solve (2.1)-(2.2) with h(z) = 222, =z € I'; and
fo(z) =21 + 22, x € 'y and n = 128. As for the Landweber method we take initial guess as zero
and the parameter n = 0.3 with n = 32 for the mixed problems. Note, that input data with noise
were generated by the following formula

f3=fa+6(28- Dl f2llz2 ),

where § is a noisy level (for instance, 4%), 8 € (0,1) is some random number. The norm in L? can
be calculated approximately

2n—1

allizqa ~ | = D Falaa(t)?las(t).
j=0

The results of the iterative approach in Fig. 4.3, Fig. 4.5 illustrate the reconstruction of the
function and its normal derivative for both exact input data and input data with noise. The solid line
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14 4
1.2 1) // o
\ /7N
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(a) boundary function on I'y (b) normal derivative on I'y

Fig. 4.3: The exact (-) and approximate (- - -) solutions for the Ex. 4.2; exact input data, k£* = 1000.

[tew — @il| L2(ry) ~ 0.016, || Zee — SL|| 5 1 ) A 0.241.

08¢ 2r
0.6 1.5 L
0.4 1
\
\
\
0.2 f 05
x
0 k 0 ‘ ‘ ‘ ‘ ‘
0 200 400 600 800 1000 0 200 400 600 800 1000
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Fig. 4.4: L*-errors for 1000 iterations for the Ex. 4.2; exact input data
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Fig. 4.5: The exact (-) and approximate (- - -) solutions for the Ex. 4.2; noisy input data (4%).
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Fig. 4.6: L%-errors for 500 iterations for the Ex. 4.2; noisy input data

(—) represents the graph of the exact solution, while the dashed line (- - -) indicates the approximate
numerical solution. Also, k* denotes a number of the iteration with the best solution.

Example 4.3. Let’s take I'1 and I'y the same as from the example 4.1. The input functions for
this numerical example are obtained by solving the mixed boundary value problem (2.1)—(2.2) with
h(z) = 22% — 29, * € T'1 and fo(z) = sin(3z1 + 22), © € I'y. The values n (to generate the Cauchy
data and to solve mixed problems), n and initial guess hy were taken the same as in the previous
example. Fig. 4.7 and Fig. 4.9 illustrate the reconstruction of the Cauchy data on I'y in case of exact
and noisy input data, while Fig. 4.8 and Fig. 4.10 show the associated La-errors at each iteration
step.
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Fig. 4.7: The exact (-) and approximate (- - -) solutions for the Ex. 4.3; exact input data, k* = 1000.
e = @l 2(ry) ~ 0.022, 11552 = Gillzar,) = 0426
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Fig. 4.8: L?-errors for 1000 iterations for the Ex. 4.3; exact input data
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Fig. 4.9: The exact (-) and approximate (- - -) solutions for the Ex. 4.3; noisy input data (4%).
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Fig. 4.10: L?-errors for 500 iterations for the Ex. 4.3; noisy input data
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5 CONSLUSION

We have considered the iterative Landweber method for the Cauchy problem which requires
solving two mixed well-posed Dirichlet-Neumann problems at each iteration. For this purpose, the
boundary integral equation method was employed, and the mixed problem was reformulated as
a system of boundary integral equations of the second kind. As demonstrated by the numerical
examples above, the reconstruction of the boundary function and the normal derivative on the inner
boundary achieves satisfactory accuracy and shows reasonable stability in the presence of noisy data.
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