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Àíîòàöiÿ. Îäåðæàíî îöiíêè òî÷íîñòi ìåòîäó ïåðåòâîðåííÿ Êåëi äëÿ ðîçâ'ÿçàííÿ çàäà÷i Êîøi
äëÿ îäíîðiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ïåðøîãî ïîðÿäêó ç íåîáìåæåíèì îïåðàòîðíèì êîåôi-
öi¹íòîì ó ãiëüáåðòîâîìó ïðîñòîði. Ó âèïàäêó ñêií÷åííî¨ (â ïåâíîìó ñåíñi) ãëàäêîñòi ïî÷àòêîâîãî
âåêòîðà íàø ìåòîä ìà¹ ñòåïåíåâó øâèäêiñòü çáiæíîñòi, i öÿ øâèäêiñòü àâòîìàòè÷íî çàëåæèòü âiä
äèôåðåíöiàëüíèõ âëàñòèâîñòåé ïî÷àòêîâîãî âåêòîðà (òîáòî ìåòîä ïåðåòâîðåííÿ Êåëi ¹ ìåòîäîì
áåç íàñè÷åííÿ òî÷íîñòi). ßêùî æ ïî÷àòêîâèé âåêòîð ¹ íåñêií÷åííî ãëàäêèì, òî íàø ìåòîä ¹
åêñïîíåíöiàëüíî çáiæíèì. Êðiì òîãî, äîâåäåíî íåïîêðàùóâàíiñòü îäåðæàíèõ îöiíîê çà ïîðÿäêîì
ïàðàìåòðà N (ïàðàìåòð äèñêðåòèçàöi¨ N õàðàêòåðèçó¹ êiëüêiñòü äîäàíêiâ ó çîáðàæåííi íàáëèæå-
íîãî ðîçâ'ÿçêó).

Abstract. We obtain the accuracy estimates of the Cayley transform method for solving the
initial value problem for a homogeneous �rst-order di�erential equation with an unbounded operator
coe�cient in a Hilbert space. In the case of �nite (in some sense) smoothness of the initial vector, our
method has a power-law rate of convergence and, moreover, the rate automatically depends on this
regularity (i.e. the Cayley transform method is a method without saturation of accuracy). If the initial
vector is in�nitely smooth, then our method is exponentially convergent. In addition, we substantiate
that the estimates are unimprovable in the order of N (the discretization parameter N characterizes
the number of summands in the partial sum of the approximate solution).

1 Introduction

One of the e�ective methods for solving approximately initial value and boundary value problems
in Hilbert and Banach spaces is the Cayley transform method (see, e.g. [1, 4]).

Let H be a Hilbert space with the inner product (u, v) and the associated norm ∥u∥ =
√

(u, u).
We consider in H the Cauchy problem

dx(t)

dt
+Ax(t) = 0 , t > 0 ,

x(0) = x0 ,
(1.1)

where A is a self adjoint positive de�nite operator A = A∗ ⩾ λ0I, λ0 > 0, with the dense domain
D(A) ⊂ H.

We will recall now some important results obtained in [1, 4]. It is proved that under the as-
sumption x0 ∈ D(Aσ), σ > 1, which actually means �nite smoothness of the initial vector x0, the
solution x(t) = e−tAx0 of problem (1.1) can be represented by the series

x(t) = e−γt
∞∑
p=0

(−1)pL(0)
p (2γt)T p

γ (I + Tγ)x0 , (1.2)

Key words: ordinary di�erential equation, initial value problem, operator exponential function, Hilbert space, Banach
space, Cayley transform, rate of convergence, error estimate.
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where γ > 0 is an arbitrary number, L
(0)
p (t) is the Laguerre polynomial [3], I is an identity operator,

Tγ is the Cayley transformation of the operator A:

Tγ = (γI +A)−1(γI −A). (1.3)

The continuous problem (1.1) generates the discrete problem

yγ, n+1 = Tγyγ, n, n = 0, 1, . . . , yγ,0 = x0 .

The solution of the latter can be written through the discrete semigroup Tn
γ as follows:

yγ,n = Tn
γ yγ,0 ≡ Tn

γ x0, n = 0, 1, . . . . (1.4)

Note that series (1.2) converges uniformly (in H) on the closed half-line 0 ⩽ t < +∞ for
x0 ∈ D(Aσ) with σ > 0 . This implies that for σ > 0 the sum x(t) of series (1.2) is a continuous
function for all t ⩾ 0 and can be considered a generalized solution of problem (1.1).

The partial sum of series (1.2) was taken as the approximate solution of problem (1.1):

xN (t) = e−γt
N∑
p=0

(−1)pL(0)
p (2γt)T p

γ (I + Tγ)x0 . (1.5)

For the accuracy of (1.5), the following estimate holds true [1, 4]:

∥x(t)− xN (t)∥ ⩽ C

Nσ
∥Aσx0∥, t ⩾ 0 , (1.6)

with a positive constant C independent of N and x0.
The study of the Cayley transform method (1.5) was further continued in [10]. There was

obtained the estimate similar to (1.6) but of the integral type, namely:

zN ≡

{ +∞∫
0

∥x(t)− xN (t)∥2dt

}1/2

⩽ C

Nσ+1/2
∥Aσx0∥, (1.7)

where σ > 0, and the constant C > 0 is independent of N and x0.
It was also established that estimate (1.7) is unimprovable (up to logarithm) in the order of

N . Namely, there exists an operator A and an initial vector x0 such that under the assumptions
λ0 = γ ⩽ 1, σ > 0, 2γ ⩽ 1 + σ the following estimate holds true:

z2N ⩾ 4−11/2−σ

(N + σ/2)2σ+1 ln (2N)
.

In [9] the error estimate similar to (1.7) is obtained in a di�erent way and the constant C > 0
is given explicitly. Namely, if the operator A and the initial vector x0 in problem (1.1) satisfy the
conditions

A = A∗ ⩾ λ0I, λ0 > 0 , x0 ∈ D(Aσ), σ > 0 , 0 < γ ⩽ λ0 ,

then the accuracy of the approximate solution (1.5) is characterized by the estimate (1.7) with

the positive constant C =
(1 + σ)2(1+σ)

(2σ + 1)(2γ)2σ+1 independent of N and x0 and for all positive integer

numbers N + 1 ⩾ λ0(1 + σ)

2γ
. Moreover, it is also shown that estimate (1.7) is unimprovable in the

order of N (without logarithm), i.e. for some operator A and some initial vector x0 the convergence
rate of method (1.5) is estimated from below in the same way as in (1.7):

z2N ⩾ C

(N + 1)2σ+1

for all N ⩾ N∗ with some positive integer number N∗ and the constant C > 0 independent of N .
The aim of the present paper is to obtain some new estimates for the accuracy of the approximate

solution (1.5) and study their unimprovability in the order of N .
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2 Finite smoothness of the initial vector

We obtain here another integral estimate (similar to (1.7) but with a certain weight function)
and substantiate its unimprovability in the order of the discretization parameter N . First we prove
the following proposition.

Theorem 2.1. Let the operatorA and the initial vector x0 in problem (1.1) satisfy the conditions

A = A∗ ⩾ λ0I, λ0 > 0 , x0 ∈ D(Aσ), σ > 0 , 0 < γ ⩽ λ0 .

Then the accuracy of the approximate solution (1.5) is characterized by the estimate

zN ≡

{ +∞∫
0

t−1∥x(t)− xN (t)∥2dt

}1/2

⩽ C

Nσ
∥Aσx0∥ (2.1)

for all positive integer numbers N ⩾ max
{λ0σ

2γ
; σ
}
− 1, where C =

σ2σ−1

eσ22σ+1γ2σ
is a positive

constant independent of N and x0.
Proof. Making use of the well-known properties of the Laguerre polynomials [3], we transform

the solution x(t) as follows:

x(t) = e−γt
∞∑
n=0

(−1)nL(0)
n (2γt) (yγ,n + yγ,n+1) =

= e−γtyγ,0 + e−γt
∞∑
n=1

(−1)n+1 2γt

n
L
(1)
n−1(2γt)yγ,n

(2.2)

with Tγ and yγ,n de�ned in (1.3) and (1.4) respectively. Then we have

∥x(t)− xN (t)∥2 =

= e−2γt(2γt)2
∞∑

i,j=N+1

(−1)i+j

ij
L
(1)
i−1(2γt)L

(1)
j−1(2γt) (yγ,i, yγ,j).

Taking into account the orthogonality condition for the Laguerre polynomials [3] and denoting by
Eλ the resolution of the identity for the operator A, we get the formula

z2N =

∞∫
0

t−1∥x(t)− xN (t)∥2dt =
∞∑

n=N+1

1

n
∥yγ,n∥2 =

=

∞∑
n=N+1

1

n

∞∫
λ0

(
γ − λ

γ + λ

)2n 1

λ2σ
d ∥EλA

σx0∥2.

(2.3)

Next, we consider the function

f (λ) =

(
λ− γ

λ+ γ

)2n 1

λ2σ
, λ > 0.

For the parameter γ > 0 such that γ ⩽ λ0 and for all integer n ⩾ λ0σ/(2γ), the derivative

f ′(λ) =
−2(λ− γ)2n−1

λ2σ+1(λ+ σ)2n+1

(
σλ2 − 2nγλ− σγ2

)
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takes its maximum at the point λ = γ
(
n+

√
n2 + σ2

)
/σ. Making some easy calculations, we come

to the inequality

max
λ⩾λ0

f(λ) = f
(γ(n+

√
n2 + σ2

)
σ

)
= (2.4)

=

(
n+

√
n2 + σ2 − σ

n+
√
n2 + σ2 + σ

)2n
σ2σ

γ2σ
(
n+

√
n2 + σ2

)2σ ⩽ σ2σ

eσγ2σ(2n)2σ

for all integer n ⩾ max {λ0σ/(2γ); σ}. Then representation (2.3) leads to the estimate

z2N ⩽ σ2σ

eσγ2σ22σ
∥Aσx0∥2

∞∑
n=N+1

1

n2σ+1
⩽

⩽ σ2σ

eσγ2σ22σ
||Aσx0||2

+∞∫
N

ds

s2σ+1
=

σ2σ−1

eσγ2σ22σ+1N2σ
||Aσx0||2

if N + 1 ⩾ max {λ0σ/(2γ); σ}. The theorem is proved. □
In the next statement, we address the issue of unimprovablility of estimate (2.1).
Theorem 2.2. Estimate (2.1) is unimprovable in the order of N .

Proof. It su�ces to present an operator A and an initial vector x0 such that the accuracy of the
Cayley transform method (1.5) is estimated from below in the order of N in the same way as in
(2.1). Let the operator A have a countable set of eigenvalues

0 < λ0 ⩽ λ1 ⩽ . . . ⩽ λk ⩽ . . .

with the corresponding eigenvectors ek, k = 0, 1, . . ., forming an orthonormal basis in H: (ej , ek) =
δjk, j, k = 0, 1, . . ., where δjk is the Kronecker delta symbol. Then

yγ,n = Tn
γ x0 =

∞∑
i=0

(
γ − λi

γ + λi

)n 1

λσ
i

(Aσx0, ei)ei ,

and the error squared takes the form

z2N =
∞∑

n=N+1

1

n
∥yγ,n∥2 =

∞∑
n=N+1

1

n

∞∑
i=0

(
γ − λi

γ + λi

)2n 1

λ2σ
i

(Aσx0, ei)
2,

N = 0, 1, . . . , γ > 0.

For 0 < γ < 1 and λi = i, i ∈ N, we have

z2N ⩾
2N∑

n=N+1

1

n

4N∑
i=1

(
i− γ

i+ γ

)2n 1

λ2σ
i

(Aσx0, ei)
2 ⩾

⩾ 1

2(4N)2σ

4N∑
i=1

(
i− γ

i+ γ

)4N

(Aσx0, ei)
2.

(2.5)

Now we will show that for γ = 1
4N and (Aσx0, ei)

2 = 1
i2
, i ∈ N, the limit

lim
N→∞

4N∑
i=1

1

i2

(
i− 1

4N

i+ 1
4N

)4N
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exists and is positive. It su�ces to verify that the sequence

SN =
N∑
i=1

1

i2

(
i− 1

N

i+ 1
N

)N

, N ∈ N,

is increasing and bounded. Indeed, since

SN =

N∑
i=1

1

i2

(
i− 1

N

i+ 1
N

)N

<

∞∑
i=1

1

i2
=

π2

6
= 1.644934068 . . .

(more exactly,

SN =
N∑
i=1

1

i2

(
i− 1

N

i+ 1
N

)N

<

∞∑
i=1

e−2/i

i2
= 0.5012176777 . . .),

the sequence (SN ) of positive numbers is bounded from above. Next, we consider the di�erence

SN+1 − SN =
N∑
i=1

1

(i+ 1)2


(
i− 1

N+1

i+ 1
N+1

)N+1

−

(
i− 1

N

i+ 1
N

)N
+

+
1

(N + 1)2

(
N + 1− 1

N+1

N + 1 + 1
N+1

)N+1

and prove that it is positive for all N ∈ N. To this end, we introduce the auxiliary function

g(N) =

(
i− 1

N

i+ 1
N

)N

, N > 0,

and �nd its derivative

g′(N) =

(
iN − 1

iN + 1

)N [
ln

iN − 1

iN + 1
+

2iN

(iN)2 − 1

]
.

To de�ne the sign of the expression in the brackets, we denote (iN)−1 = x and consider the function

φ(x) = ln
1− x

1 + x
+

2x

1− x2
, x ∈ [0; 1).

Since

φ′(x) =
4x2

(1− x2)2

for all x ∈ (0; 1), the function φ(x) strictly increases on the interval [0; 1), and due to the equality
φ(0) = 0 we have φ(x) > 0 for all x ∈ (0; 1). It means that g′(N) > 0 for all N > 0 and, therefore,
the function g(N) strictly increases. This yields SN+1 − SN > 0 for all N ∈ N and proves that the
sequence (SN ) is strictly increasing.

Since the sequence (SN ) is monotonic and bounded, it is convergent. It is obvious that lim
N→∞

SN

is a positive number. Then there exist N∗ ∈ N and a positive constant C̃ such that SN ⩾ C̃ for all
N ⩾ N∗. Therefore, inequality (2.5) leads to the estimate

z2N ⩾ C

N2σ

for all N ⩾ N∗ with a constant C independent of N . This completes the proof of the theorem. □
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Note that in addition to umiprovability in the order of N , estimate (2.1) indicates the initial
e�ect of the Cayley transform method (1.4) in the sense of V. Makarov (see, e.g. [8]). Indeed, due

to representation of the exact solution (2.2), estimate (2.4) and the relation L
(1)
n−1(0) = n [3], we

have

lim
t→0

∥x(t)− xN (t)∥
t

=

=
∞∑

n=N+1

(−1)n+12γ

+∞∫
λ0

(
γ − λ

γ + λ

)n 1

λσ
dEλA

σx0 ⩽

⩽
∞∑

n=N+1

σσ

eσ/2(2γ)σ−1nσ
∥Aσx0∥ ⩽

⩽ σσ

eσ/2(2γ)σ−1
∥Aσx0∥

+∞∫
N

ds

sσ
⩽ σσ

eσ/2(2γ)σ−1(σ − 1)Nσ−1
∥Aσx0∥

for all positive integer numbers N+1 ⩾ max {λ0σ/(2γ); σ} and σ > 1. We can observe that the use
of the initial e�ect requires more assumptions for the smoothness of the initial vector x0 ∈ D(Aσ),
σ > 1. If the initial e�ect is not used, then it is enough that σ > 0. A similar situation is inherent in
the �nite-di�erence method for solving boundary-value problems for parabolic equation (see details
in papers [6, 7, 11,12] to mention a few).

3 Infinite smoothness of the initial vector

Let E be a Banach space with the norm ∥u∥. We denote by R(A,µ, L) the set of elements x ∈ E
such that

∥x∥R(A,µ, L) = sup
0⩽n<∞

∥Anx∥
LnMn

< ∞ ,

where 0 < L < +∞ and µ = (Mn)
∞
n=0 is a non-decreasing sequence of positive numbers. As shown

in [5], R(A,µ, L) is continuously embedded in E.

It was proved in [10] that in the case of the discrete spectrum of the operator A and in�nite
smoothness of the initial vector x0, i.e. x0 ∈ D(An) for allN ∈ N, the Cayley transform method (1.5)
is exponentially convergent and its accuracy is characterized by the estimate

zN ≡

{ +∞∫
0

∥x(t)− xN (t)∥2dt

}1/2

⩽

⩽
exp

{
−(N + 1) ln

(
1 +

√
2
)}(

γ
√
2 (2 +

√
2)
)1/2 ∥x0∥R(A, (1), λ0) ,

which is unimprovable in the order of N .

We will now show that a similar estimate can be obtained without assuming the discreteness of
the spectrum of the operator A.

Theorem 3.1. Let the operatorA and the initial vector x0 in problem (1.1) satisfy the conditions

A = A∗ ⩾ λ0I, λ0 > 0 , x0 ∈ R (A, (1), λ0) , γ =
λ0

1 +
√
2
.
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Then the accuracy of the approximate solution (1.5) is characterized by the estimate

zN ≡

{ +∞∫
0

||x(t)− xN (t)||2dt

}1/2

⩽ (3.1)

⩽
(
1 +

√
2

2γ

)1/2

exp
{
− (N + 2) ln(1 +

√
2)
}
∥x0∥R(A, (1), λ0) ,

N = 0, 1, . . . ,

which is unimprovable in the order of N .

Proof. The series

x(t)− xN (t) = e−γt
∞∑

p=N+1

(−1)pL(0)
p (2γt) (yγ,p + yγ,p+1) , t ⩾ 0 ,

leads to the relation

∥x(t)− xN (t)∥2 =
(
x(t)− xN (t), x(t)− xN (t)

)
= (3.2)

=

(
e−γt

∞∑
p=N+1

(−1)pL(0)
p (2γt) (yγ,p + yγ,p+1),

e−γt
∞∑

p=N+1

(−1)pL(0)
p (2γt) (yγ,p + yγ,p+1)

)
=

= e−2γt
∞∑

j, k=N+1

(−1)j+kL
(0)
j (2γt)L

(0)
k (2γt)

(
yγ,j + yγ,j+1, yγ,k + yγ,k+1

)
.

The generalized Laguerre polynomial L
(α)
n (t), α > −1, satisfy the orthogonality condition with

the weight function [3]:

+∞∫
0

e−ttαL
(α)
j (t)L

(α)
k (t)dt =

Γ(α+ k + 1)

k!
δjk ,

j, k = 0, 1, . . . , α > −1 ,

where δjk is the Kronecker delta symbol. In particular, for α = 0 we have

+∞∫
0

e−2γtL
(0)
j (2γt)L

(0)
k (2γt)dt =

1

2γ

Γ(k + 1)

k!
δjk =

1

2γ
δjk , j, k = 0, 1, . . .

Taking this formula into account while integrating relation (3.2), we obtain

z2N ≡
+∞∫
0

∥x(t)− xN (t)∥2dt = (3.3)

=

∞∑
j, k=N+1

(−1)j+k

+∞∫
0

e−2γtL
(0)
j (2γt)L

(0)
k (2γt)dt

(
yγ,j + yγ,j+1, yγ,k + yγ,k+1

)
=
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=
1

2γ

∞∑
k=N+1

(yγ,k + yγ,k+1, yγ,k + yγ,k+1) =
1

2γ

∞∑
k=N+1

∥yγ,k + yγ,k+1∥2.

Due to (1.3) and (1.4), we get

yγ,k + yγ,k+1 = T k
γ (I + Tγ)x0 =

= (γI +A)−k(γI −A)k
(
I + (γI +A)−1(γI −A)

)
x0 = (3.4)

= (γI +A)−k(γI −A)k2γ(γI +A)−1A−σAσx0 , σ > 0.

Then for all N ∈ N, formula (3.4) can be written as follows:

yγ,k + yγ,k+1 = (γI +A)−k(γI −A)k2γ(γI +A)−1A−nAnx0 =

=

+∞∫
λ0

(
γ − λ

γ + λ

)k 2γ

γ + λ

λn
0

λn
dEλ

Anx0
λn
0

,

which gives the representation

∥yγ,k + yγ,k+1∥2 =
+∞∫
λ0

(
γ − λ

γ + λ

)2k (2γ)2

(γ + λ)2
λ2n
0

λ2n
d

∥∥∥∥Eλ
Anx0
λn
0

∥∥∥∥2.
In particular, for n = k we have the relation

∥yγ,k + yγ,k+1∥2 =
+∞∫
λ0

(
γ − λ

γ + λ

)2k (2γ)2

(γ + λ)2

(
λ0

λ

)2k

d

∥∥∥∥Eλ
Akx0

λk
0

∥∥∥∥2,
and formula (3.3) turns into the following:

z2N = 2γ

∞∑
k=N+1

+∞∫
λ0

(
γ − λ

γ + λ

)2k 1

(γ + λ)2

(
λ0

λ

)2k

d

∥∥∥∥Eλ
Akx0

λk
0

∥∥∥∥2. (3.5)

Next, we consider the function

φ(λ) =
1

(λ+ γ)k+1

(
λ− γ

λ

)k

and �nd the derivative

φ′(λ) =
−(λ− γ)k−1

(λ+ γ)k+2λk+1

(
(k + 1)λ2 − γ(2k + 1)λ− kγ2

)
.

For all γ > 0 and k ∈ N, the roots λ1, λ2 of the latter satisfy the inequality

λ1 = γ < λ2 =
γ(2k + 1) + γ2

√
2
√

(k + 1/2)2 − 1/8

2(k + 1)
<

<
γ(2k + 1)(1 +

√
2)

2k + 2
< γ(1 +

√
2) .
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If γ =
λ0

1 +
√
2
, then the function φ(λ) strictly decreases on the half-line [λ0; +∞), and rela-

tion (3.5) �nally gives the estimate

z2N ⩽ 2γ

∞∑
k=N+1

+∞∫
λ0

(
γ − λ0

γ + λ0

)2k 1

(γ + λ0)
2

(
λ0

λ0

)2k

d

∥∥∥∥Eλ
Akx0

λk
0

∥∥∥∥2 ⩽
⩽ 1

γ
∥x0∥2R(A, (1), λ0)

∞∑
k=N+1

(
1

1 +
√
2

)2(k+1)

=

=
1 +

√
2

2γ

(
1 +

√
2
)−2(N+2)∥x0∥2R(A, (1), λ0)

.

As shown in [10], for the operator A with the discrete spectrum

λ0 = γ(1 +
√
2) ⩽ λ1 ⩽ . . .

and for the initial vector x0 ∈ R (A, (1), λ0) the following estimate holds true:

zN ⩾ |(x0, e0)|
γ1/2

exp
{
−(N + 2) ln (1 +

√
2)
}
, N = 0, 1, . . . ,

where e0 is a normalized eigenvector corresponding to the eigenvalue λ0. This inequality indicates
that estimate (3.1) is unimprovable in the order of N . The theorem is proved. □

4 Conclusion

The error estimate obtained in Theorem 2.1 indicates that for the �nitely smooth initial vector
x0 (in terms of belonging to the domain of a certain power of the operator A) the Cayley transform
method (1.5) has a power-law rate of convergence with respect of the discretization parameter N
(here N is the number of terms in the partial sum representing the approximate solution). Moreover,
method (1.5) is a method without saturation of accuracy in the sense of K. Babenko [2], i.e. the
better di�erential properties of the initial vector, the higher the rate of convergence. In addition,
Theorem 2.2 substantiates that this estimate is unimprovable in the order of N . The accuracy of
the approximate solution (1.5) for the in�nitely smooth initial vector (in some sense) is studied in
Theorem 3.1. The error estimate indicates the exponential rate of convergence and, moreover, is
unimprovable with respect of the parameter N .
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modelling of complex dynamical systems and processes caused by the state security� (Reg. No.
0123U100853).

References

1. Arov,D.Z., Gavrilyuk, I.P., Makarov,V.L.: Representation and approximation of solutions of
initial value problems for di�erential equations in Hilbert space based on the Cayley transform.
Elliptic and Parabolic Problems (Pont-�a-Mousson, 1994). Pitman Res. Notes Math. Ser., 325,
Longman Sci. Tech., Harlow 40-50 (1995)

2. Babenko,K.I.: The Foundations of Numerical Methods. Reguliarnaia i khaoticheskaia dinamika,
Moskva�Izhevsk (2002)

3. Bateman,H., Erd�elyi, A.: Higher Transcendental Functions, vol. 2, McGraw-Hill, New York
(1953)



The accuracy estimates of the Cayley transform method for the abstract Cauchy problem 57

4. Gavrilyuk, I.P., Makarov,V.L.: The Cayley transform and the solution of an initial value
problem for a �rst order di�erential equation with an unbounded operator coe�cient in
Hilbert space. Numerical Functional Analysis and Optimization. 15 (5-6), 583-598 (1994).
doi: 10.1080/01630569408816582

5. Gorbachuk,V.I., Gorbachuk,M.L.: Limit Problems for Di�erential Operator Equations.
Naukova dumka, Kyiv (1984)

6. Makarov,VL., Demkiv, L.I.: Accuracy estimates of di�erence schemes for quasilinear parabolic
equations taking into account the initial-boundary e�ect. Computational Methods in Applied
Mathematics. 3 (4), 579-595 (2003)

7. Makarov,V.L., Demkiv L.I.: Accuracy estimates of �nite di�erence schemes for parabolic equa-
tions that take into account the initial-boundary e�ect. Reports of the National Academy of
Sciences of Ukraine. 2, 26-32 (2003)

8. Makarov,V.L., Mayko,N.V.: The weighted error estimates of the functional-discrete methods
for solving boundary value problems. Naukova dumka, Kyiv (2023)

9. Makarov,V.L., Mayko,N.V., Ryabichev,V.L.: Unimprovable error estimates of the Cayley
transform method for the operator exponential function in a Hilbert space. Cybernetics and
Systems Analysis. 59 (6), (2023, to appear)

10. Makarov,V.L., Vasylyk,V.B., Ryabichev,V.L.: Unimprovable order-of-magnitude estimates of
the rate of convergence of the Cayley transform method for approximation of an operator expo-
nent. Cybernetics and Systems Analysis. 38 (4), 632-636 (2002). doi: 10.1023/A:1021122622419

11. Mayko,N.V.: The boundary e�ect in the error estimate of the �nite-di�erence scheme for the
two-dimensional heat equation. Journal of Numerical and Applied Mathematics. 3 (113), 91-106
(2013)

12. Mayko,N.V.: Error estimates of the �nite-di�erence scheme for a one-dimensional parabolic
equation with allowance for the e�ect of initial and boundary conditions. Cybernetics and
Systems Analysis. 50, 788-796 (2014)

Received 23.07.2023
Revised 23.09.2023


