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AHoTAIst. OnfepKaHo OIMIHKK TOYHOCTI MeToy nepersBopenns Kei fyis po3s’a3anua 3aga4i Komrd
JIJIST OJTHOPITHOTO AU(pePEHIiaIbHOTO PIBHSHHS IEPIIOTo HOPSIKY 3 HeoOMeKeHNM OIepaToOpHUM Koedi-
IMIEHTOM y TimB6epTOBOMY MPOCTOPL. Y BUMAAKY CKIHYEHHOI (B MEBHOMY CEHCI) TVIAIKOCTI MOYATKOBOTO
BEKTOPA HAII METOJ[ MA€ CTEIEHEBY IIBU/IKICTH 301KHOCTI, i I MBUAKICTh aBTOMATUYHO 3aJI€KUTH Bi
mudepenHTianbHNX BAACTHBOCTEH MOYATKOBOTO BEeKTOpa (TOOTO MeTon mepeTBopenHs Kemi € meTomom
0e3 HACWYIEHHA TOYHOCTL). $IKIMO K MOYATKOBHWH BEKTOpP € HECKIHIEHHO TJIAIKWM, TO HAIl METOI €
eKCIOHEeHITaabHO 30ikHmM. KpiM TOTO, /T0BEIEHO HEMOKPAIIYBAHICTH O/IEPKAHUX OIHOK 33 MOPALKOM
mapamerpa N (mapamerp muckpermsarnii N XapaKTepu3ye KiMbKICTh MOJAHKIB ¥ 300parkenHi HalmrxKe-
HOTO DPO3B’A3KY).

ABsTRACT. We obtain the accuracy estimates of the Cayley transform method for solving the
initial value problem for a homogeneous first-order differential equation with an unbounded operator
coeflicient in a Hilbert space. In the case of finite (in some sense) smoothness of the initial vector, our
method has a power-law rate of convergence and, moreover, the rate automatically depends on this
regularity (i.e. the Cayley transform method is a method without saturation of accuracy). If the initial
vector is infinitely smooth, then our method is exponentially convergent. In addition, we substantiate
that the estimates are unimprovable in the order of N (the discretization parameter N characterizes
the number of summands in the partial sum of the approximate solution).

1 INTRODUCTION

One of the effective methods for solving approximately initial value and boundary value problems
in Hilbert and Banach spaces is the Cayley transform method (see, e.g. [1,4]).

Let H be a Hilbert space with the inner product (u,v) and the associated norm |Ju|| = /(u, u).
We consider in H the Cauchy problem

dx(t)
dt

+ Ax(t

~—
|
o
~
\Y
o

(1.1)

where A is a self adjoint positive definite operator A = A* > A\gl, A9 > 0, with the dense domain
D(A) C H.

We will recall now some important results obtained in [1,4]. It is proved that under the as-
sumption xg € D(A%), o > 1, which actually means finite smoothness of the initial vector xg, the
solution z(t) = e~*2q of problem (1.1) can be represented by the series

z(t) = e i (—1)PLO 2yt)T2(I + T) o, (1.2)
p=0

Key words: ordinary differential equation, initial value problem, operator exponential function, Hilbert space, Banach
space, Cayley transform, rate of convergence, error estimate.
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where v > 0 is an arbitrary number, LI()O) (t) is the Laguerre polynomial [3], I is an identity operator,
T, is the Cayley transformation of the operator A:
T, = (v + A~ (yI - A). (1.3)

The continuous problem (1.1) generates the discrete problem

Yy,ntl = IyYy ny, n=0,1,..., yy0=1a0.
The solution of the latter can be written through the discrete semigroup 77" as follows:
Yy = T yy0 =1Yx0, n=0,1,.... (1.4)
Note that series (1.2) converges uniformly (in H) on the closed half-line 0 < t < +oo for
xo € D(A%) with o > 0. This implies that for o > 0 the sum x(t) of series (1.2) is a continuous

function for all ¢ > 0 and can be considered a generalized solution of problem (1.1).
The partial sum of series (1.2) was taken as the approximate solution of problem (1.1):

= Z 1P L (29t)TP(I + T )z - (1.5)

For the accuracy of (1.5), the follovvlng estimate holds true [1,4]:

C g
lz(t) = 2n (Ol < 151420l >0, (1.6)

with a positive constant C' independent of N and zg.
The study of the Cayley transform method (1.5) was further continued in [10]. There was
obtained the estimate similar to (1.6) but of the integral type, namely:

iy = {/ | (t) — xN(t)\2dt} < yorisa 147l (1.7)
0

where o > 0, and the constant C' > 0 is independent of N and xg.

It was also established that estimate (1.7) is unimprovable (up to logarithm) in the order of
N. Namely, there exists an operator A and an initial vector zy such that under the assumptions
M =7<1, 0d>0, 2y <1+ o the following estimate holds true:

) 4-11/2—¢c

> :
N Z (N +0/2)2 In(2N)
In [9] the error estimate similar to (1.7) is obtained in a different way and the constant C' > 0

is given explicitly. Namely, if the operator A and the initial vector xg in problem (1.1) satisfy the
conditions

A=A"2 NI, \o >0, 20 D(A%), 0 >0, 0<~v<N\,

then the accuracy of the approximate solution (1.5) is characterized by the estimate (1.7) with
(1+ 0)2(1+U)
(20 +1)(27)*""
)\0(1 + O’)
2y
order of N (without logarithm), i.e. for some operator A and some initial vector zy the convergence
rate of method (1.5) is estimated from below in the same way as in (1.7):
2> L
N = (N + 1)20'+l
for all N > N* with some positive integer number N* and the constant C' > 0 independent of N.
The aim of the present paper is to obtain some new estimates for the accuracy of the approximate
solution (1.5) and study their unimprovability in the order of N.

the positive constant C' =

independent of N and zg and for all positive integer

numbers N +1 > . Moreover, it is also shown that estimate (1.7) is unimprovable in the
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2 FINITE SMOOTHNESS OF THE INITIAL VECTOR

We obtain here another integral estimate (similar to (1.7) but with a certain weight function)
and substantiate its unimprovability in the order of the discretization parameter N. First we prove
the following proposition.

Theorem 2.1. Let the operator A and the initial vector x¢ in problem (1.1) satisfy the conditions

A:A*ZA()[, A >0, x()ED(AU),O'>O, 0<y< .

Then the accuracy of the approximate solution (1.5) is characterized by the estimate

~+o0 1/2 c
oy = { [ et - xzv(t>!!2dt} < 3z 47zl (21)
0
o Ao o »
for all positive integer numbers N > max{ﬁ, a} — 1, where C = crorotint is a positive

constant independent of N and xg.
Proof. Making use of the well-known properties of the Laguerre polynomials [3], we transform
the solution z(t) as follows:

=e Z (0) 2’7t> (?Jv n + Yy, n+1)

2yt
- - +147
=e My, 0+e Vtz:(— B 2L @)y

n=1

with T, and y, ,, defined in (1.3) and (1.4) respectively. Then we have
lz(t) — an(®)|* =

_ — (1) ¢ 1
ety Y S s @) (s 1)
i,j=N+1

Taking into account the orthogonality condition for the Laguerre polynomials [3] and denoting by
E) the resolution of the identity for the operator A, we get the formula

o0 - o0 1
2= / T a®) —an@OPdt = Y ~llyal =
n=N-+1
(2.3)
_ Z / ——d || ExA%x )%
20
n=N-+1 <7+)\> A

Next, we consider the function

A=\ 1

For the parameter v > 0 such that v < A¢ and for all integer n > Aoo/(27), the derivative

—2(A—9y)*"!
)\20'—1—1()\ +0-)2n+1

T (a)\2 —2nyA — 072)
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takes its maximum at the point A = 7(n +vVn?+ o2 )/O’. Making some easy calculations, we come
to the inequality

v(n+vn?+0?)
\) — < ) _ 2.4
max f() = f . (24)
2
ntvViZtoZ—o\ 020 520
= <
n+vn2+o?+o 2"(n+\/m) e’ 20(2”)0
for all integer n > max {\oo/(27); o}. Then representation (2.3) leads to the estimate
20 o0
2 g 2 1
N < 60")/20220 HAU:UOH Z n2a+1 <
n=N+1
+o0o
20 20—1
o 9 ds o 9
S 60’}/20220 HAO-‘TOH / g20+1 6072022U+1N20 HAU:COH
N
if N+ 1> max{\oo/(27); o}. The theorem is proved. O

In the next statement, we address the issue of unimprovablility of estimate (2.1).

Theorem 2.2. Estimate (2.1) is unimprovable in the order of N.

Proof. It suffices to present an operator A and an initial vector xg such that the accuracy of the
Cayley transform method (1.5) is estimated from below in the order of N in the same way as in
(2.1). Let the operator A have a countable set of eigenvalues

O<Xdp< A <. <.

with the corresponding eigenvectors ey, k =0, 1,..., forming an orthonormal basis in H: (e;,e;) =
djks Jk =0,1,..., where d;;, is the Kronecker delta symbol. Then

n YA
Yym :T7x0 = E <7+)\') )\0<A xo, €i)€i,
i=0 !

and the error squared takes the form

0o 2n
F= > = 3 13 (15R) purmer

n=N+1 n=N-+1 =0
N=01,..., ~v>0.

For 0 <y <1and A; =1, 7 € N, we have

Z]2V > Z Z <Z.+'Y> )\QO—(A anez)Q P

n= N+1 =1
- (2.5)

1 Z—’Y AN 2
> A° 3 Ci)
2(4N)2 ; <z +7> (4720, €1)

Now we will show that for v = ﬁ and (A%x, ei)2 = Z.%, 1 € N, the limit
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exists and is positive. It suffices to verify that the sequence

Nog o L\
_ N
SN_ZZ2<2+]{[> , NeN,

is increasing and bounded. Indeed, since

Nop i \Y =
Sy = = N < — = =1.644934068. ..

(more exactly,

N fio\V = o2/
Sy = Z = % < Z —— = 0.5012176777...),
o \ltw iz !

the sequence (Sy) of positive numbers is bounded from above. Next, we consider the difference

N 1 ; 1\ N+1 N

— i— L

Sni1— Sy =) Nl - N
N+1 N i+ 1) (i—i— 1 i—l—% +

i=1 N+1
+ 2 1
N+ 12 \ N1+ 4

and prove that it is positive for all V € N. To this end, we introduce the auxiliary function

and find its derivative

N —I\V[ iN-1 2%N
"(N) = (L |
gN) <¢N+1> [niN+1+(z’N)2—1

To define the sign of the expression in the brackets, we denote (iN)~! = z and consider the function

1—x+ 2x
n -
1+ 1—22’

p(z) =1 xz € [0;1).

/( ) 4:1:

for all z € (0;1), the function ¢(z) strictly increases on the interval [0;1), and due to the equality
©(0) =0 we have ¢(x) > 0 for all z € (0;1). It means that ¢’(IN) > 0 for all N > 0 and, therefore,
the function g(N) strictly increases. This yields Sy+1 — Sy > 0 for all N € N and proves that the
sequence (Sy) is strictly increasing.

Since the sequence (Sy) is monotonic and bounded, it is convergent. It is obvious that A}gnoo SN

is a positive number. Then there exist N* € N and a positive constant C such that Sy > C for all
N > N*. Therefore, inequality (2.5) leads to the estimate

N Z N2cr

for all N > N* with a constant C independent of N. This completes the proof of the theorem. [
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Note that in addition to umiprovability in the order of IV, estimate (2.1) indicates the initial
effect of the Cayley transform method (1.4) in the sense of V. Makarov (see, e.g. [8]). Indeed, due
to representation of the exact solution (2.2), estimate (2.4) and the relation Lfllzl(O) = n [3], we
have

) —an ()]
t—0 t
% +0 n
- A 1
_ _qyntiy / S R VL
n§+1( ) ! T A A7 e
= %o
00 o7
n=N+1
o +ood o
g S g
< WHAU'IOH / 87 < 60/2(2"}/)0_1(0'— 1)NU—1HAUZ’0H
N

for all positive integer numbers N +1 > max {\go/(27); o} and o > 1. We can observe that the use
of the initial effect requires more assumptions for the smoothness of the initial vector 2o € D(A?),
o > 1. If the initial effect is not used, then it is enough that o > 0. A similar situation is inherent in
the finite-difference method for solving boundary-value problems for parabolic equation (see details
in papers [6,7,11,12] to mention a few).

3 INFINITE SMOOTHNESS OF THE INITIAL VECTOR

Let E be a Banach space with the norm ||u||. We denote by JR(A, u, L) the set of elements z € E
such that

lellann = suwp 22l o
o 0<n<oo LnMn

where 0 < L < 400 and p = (M,);~, is a non-decreasing sequence of positive numbers. As shown
in [5], R(A, i, L) is continuously embedded in E.

It was proved in [10] that in the case of the discrete spectrum of the operator A and infinite
smoothness of the initial vector zg, i.e. z9 € D(A™) for all N € N, the Cayley transform method (1.5)
is exponentially convergent and its accuracy is characterized by the estimate

+o0 1/2
ZN:{ / ||x<t>xN<t>r2dt} <
0

_ep{-(N+1)In(1+v2)}

”930||m(A,(1),,\0)7

which is unimprovable in the order of V.

We will now show that a similar estimate can be obtained without assuming the discreteness of
the spectrum of the operator A.

Theorem 3.1. Let the operator A and the initial vector x¢ in problem (1.1) satisfy the conditions

Ao
14+v2

A:A*>A017 Ao >0, $0€%(A, (1)7A0)7 Y=
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Then the accuracy of the approximate solution (1.5) is characterized by the estimate

+00 1/2
ZN = {/ Hx(t)—:z:N(t)|2dt} < (3.1)
0
1+\/§ 1/2
<(U52) e {- v e 0 v ol
Y
N=01,...,

which is unimprovable in the order of N.
Proof. The series

z(t) —an(t) = e Y (DPLP(23) (Y + Ypr1), 20,
p=N+1
leads to the relation
[2(t) — zn ()] = (x(t) —an(t), z(t) — 2N (1) = (3.2)

= <e”t Z (—1)pL;(oU)(2’Yt) (Yyp T Yypt1)s

p=N+1
o0
ey (—1)PLY (241) (y%p+y%p+1)> =
p=N+1
(o]
=20 ST (1L @) LY (290) (4 + Yrgets Yk Y1)
j, k=N+1

The generalized Laguerre polynomial Lﬁf") (t), @ > —1, satisfy the orthogonality condition with
the weight function [3]:

+oo
a) (7 (@ Pla+k+1
/ettaL§. (L@ (yat = LR +k! s,
0
J,k=0,1,..., a>-1,

where d;;, is the Kronecker delta symbol. In particular, for o = 0 we have

+o00

B 1 D(k+1 1 .
/ e 27tL§-0)(2'yt)L,(€O)(27t)dt = %(M)djk = 2 ik, Jk=0,1,...
0

Taking this formula into account while integrating relation (3.2), we obtain

+o0o
2 = / () — 2 (8)]|2dt = (3.3)
0

oo +oo

j — 0 0
= > -y / e L ) L (29)d (515 + Y01, Yk + Uyki1) =
7, k=N+1 0
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29

1 & I <
= D Wk + Yyt Yrk + Yrka1) = o D ygk + vyl
T =Nt T kNG

Due to (1.3) and (1.4), we get
Yo + Yy = TE(I + Ty)wo =
= (VI + A)7F(y T = NI+ (VI + A) 7T = A))ay =
= (W I+ A)7F(y I — AF2y(y I+ A)TLATT A%z, o > 0.
Then for all N € N, formula (3.4) can be written as follows:

Yoo + Y1 = (VL + A) (7] — A)F2y(y1 + A) 7T AT A" =
“+o00

k n n
= / (H) ii?szAA f(),
TEN) TEAN Y

Ao

which gives the representation

r v= M\ (29)% A A"z
Yy ke + Yk 2=/< > OdHE/\ 7
H ¥ ol +1|| ’7+)\ (7_1_)\)2 \2n )\0

0

2

In particular, for n = k£ we have the relation

oo 2% 2 2% k
= A (27) Ao Az
Hy'y,k y'y,kJrlH ; ~y T\ ("}/ I )\)2 h\ A )\lg

0

2

9

and formula (3.3) turns into the following:

N_?YE:./<7+A> vjAF<?>%dE

2
&2
k=N+1 y

Ak$0
AG

Next, we consider the function

S(\) = 1 kH()\;v)k

and find the derivative

l()\) — _()\ _W)k_l

2 2
o 7)k+2)\k+1 ((k: + DN —~(2k+ )X — ky ) .

For all v > 0 and k£ € N, the roots A1, A2 of the latter satisfy the inequality

v(2k + 1) +v2v2/(k + 1/2)2 — 1/8
2(k + 1) <

79%2;1;*“®<<w1+v%.

Al=7<A=

(3.4)
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A
If v = 170, then the function ¢(\) strictly decreases on the half-line [Ag; +00), and rela-

+42

tion (3.5) finally gives the estimate

oo T 2% 2% k
2 v — Ao 1 Ao AP
EREUDY / ( ) () dHEA
k=N+1 5, YHX/ (74 X0)* \ o AS

1 ) 00 1 2(k+1)
< -z =
7|| ollfa 1) 20) D <1+\@)

k=N+1
1++2
2y

2

~X

—2(N+2
(1+v2) ™ )IILUOH?R(A,(1),A0)'

As shown in [10], for the operator A with the discrete spectrum
M=71+v2) <A\ <.
and for the initial vector zg € R (A4, (1), \g) the following estimate holds true:

| (o, e0)]|

where eq is a normalized eigenvector corresponding to the eigenvalue Ag. This inequality indicates
that estimate (3.1) is unimprovable in the order of N. The theorem is proved. O

4  CONCLUSION

The error estimate obtained in Theorem 2.1 indicates that for the finitely smooth initial vector
xo (in terms of belonging to the domain of a certain power of the operator A) the Cayley transform
method (1.5) has a power-law rate of convergence with respect of the discretization parameter N
(here N is the number of terms in the partial sum representing the approximate solution). Moreover,
method (1.5) is a method without saturation of accuracy in the sense of K. Babenko [2], i.e. the
better differential properties of the initial vector, the higher the rate of convergence. In addition,
Theorem 2.2 substantiates that this estimate is unimprovable in the order of N. The accuracy of
the approximate solution (1.5) for the infinitely smooth initial vector (in some sense) is studied in
Theorem 3.1. The error estimate indicates the exponential rate of convergence and, moreover, is
unimprovable with respect of the parameter N.

The authors gratefully acknowledge a partial financial support due to the project “Mathematical
modelling of complex dynamical systems and processes caused by the state security” (Reg. No.
0123U100853).
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