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AunoTtaist. Pospobaeno meron dbyHIaMeHTaAIbHAX TOCILIOBHOCTEHN Jjig YMCEIBHOTO PO3B’si3aHH
HEKOPeKTHOI oHoBIUMIpHOI 6iunoi 3aza4i Kol st piBasHES rinep6origHOT 32Ty Xa1090i XBUJIL, BKJIOYa-
09N K OKPEeMUI BUIIAI0K PIBHAHHS MapabosIitaHol TerIonposiqHocTi. 3acTocoByiowun abo epeTBOpeHHs
Jlareppa, abo pisammeBy cxemy ['yGosbra, 3amexkHy Bim gacy biumy 3amady Komi penykosamo mo
nocainoBHOCTL 3Bruaiinnx mudepennianpanx pisaass (3IP) apyroro nopaaky 3i 3navenaamu GyHKIT
Ta IMOXITHUMUY, BU3HAYEHUMH B IIpaBiil KiHIeBil To4Ii IpocTopoBoro intepsaty. lus qudepenmniaasanx
piBHsHB OyayeThcs HabIp dyHIAMEHTAIbHUX PO3B’A3KiB, KW HA3UBAETHCHA (PyHIAMEHTAIBHOKO TOCIIi-
nosuicTio. Poss’a30k orpumanux 3P anpokcumyernbes JiHifiHOIO KOMOIHAIIEIO esleMeHTiB dyH1aMen-
TaabHOI mocsinoBHOCTI. Touky Jkepesa PO3MIILYIOTHCS 33 MeXKaMU IHTEPBaJIy PO3B’FA3KIB y IIPOCTODI, i
MITSIXOM DO3MIIMIEHHST TOYOK KOJIOKAITl B KIHIIEBUX TOYKAX IHOTO IHTEPBAIY OTPUMYIOTH TOCILTOBHICTH
cucTeM JIHIAHMX pIBHsHB JJIsi 3HAXO/PKEHHs HeBimomux koedimienrtiB. g orpumaHHs CTiHKOro
PO3B’sI3Ky BUKOPHUCTOBYETHCs peryiaspu3aria TixoHoBa. YwucenpHl pe3ynbrar gk g TapaboivaHOro,
TaK i Aj1s rinepboMiYHOT0 BUMAJAKY MiATBEPIKYIOTH €(eKTUBHICTD 3aIIPOIIOHOBAHOTO0 METO/LY, BK/IIOYa-
04M BUAJAO0K maHux 31 mymom. IIpencrassieni pesyibraru HOIOBHIOIOTH BUIIALOK BHINOI PO3MIPHOCTI,
pO3IoYaTHil Y HAIIKUX IIOIIEPETHIX JOCILIKEHHAX.

ABsTRACT. A fundamental sequences method is derived for the numerical solution of an ill-posed
one-dimensional lateral Cauchy problem for a hyperbolic damped wave equation, including as a special
case the parabolic heat equation. Either the Laguerre transform or the Houbolt finite difference scheme
is applied to reduce the time-dependent lateral Cauchy problem to a sequence of second-order ordinary
differential equations (ODEs) with function values and derivatives specified at the right endpoint of a
finite space interval. A set of fundamental solutions is constructed, termed a fundamental sequence, to
the differential equations. The solution of the obtained ODEs is approximated by a linear combination
of elements in the fundamental sequence. Source points are placed outside of the solution interval in
space, and by collocating at the endpoints of this interval a sequence of linear equations is obtained
for finding the unknown coefficients. Tikhonov regularization is used to render a stable solution to
the obtained systems of linear equations. Numerical results both for the parabolic and hyperbolic case
confirm the efficiency of the proposed method including noisy data. The presented results complement
the higher-dimensional case initiated in our previous researches.

1 INTRODUCTION

In the works [5, 6] fundamental sequences method is developed for solving ill-posed lateral
Cauchy problems for time-dependent heat and wave propagation in two-dimensional or higher
spatial domains. The method is based on time-transformation using the Laguerre transform or
time-discretisation using the so-called Houbolt finite difference scheme. The time-transformation
or discretisation renders a sequence of elliptic Cauchy problems with fundamental solutions termed
a fundamental sequence. The solution of the elliptic problems is approximated by linear combina-
tions of the elements in the fundamental sequence, with source points placed outside of the solution

Key words: damped wave equation, heat equation, Houbolt method, Laguerre transform, lateral Cauchy problem,
method of fundamental solutions, fundamental sequences method, Tikhonov regularization.
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domain. Collocating on the boundary of the solution domain renders linear equations for finding un-
known coefficients in the approximation. For an overview and properties of the derived fundamental
sequences method, and comparison with a boundary integral approach, see the recent review |[8].

One-dimensional time-dependent models are common in the literature since they can give rea-
sonable insights of a physical problems such as string vibration problem, water or sound wave
propagation, stress wave propagation in an elastic solid, etc. Hence, it is no surprise that there has
been recent interest into the lateral Cauchy problem for the one-dimensional wave equation, see for
example |2,4,14,28|.

Therefore, in the present work, we shall further complete the fundamental sequences method,
derived in [5,6], by giving details for one-dimensional spatial domains. We thus consider the problem
of finding the solution u satisfying

augy + buj — ug, =0, (z,t) € (0,1) x (0,T),
u(l,t) = 1(t), u,(1,t) = Gi(t), te€(0,7), (1.1)
u(x,0) =0, auj(z,0) =0, x € (0,1).

Here, a > 0, b > 0 and a +b > 0, and T" > 0 is the final time; for simplicity the spatial interval
(0,1) is chosen. Of particular interest is to find the solution when x = 0, that is u(0,t). For suitable
compatibility and smoothness conditions on the data, there exists a unique solution, for example, in
the Sobolev space L?(0,T; H'(0,1)) N H'(0,T; L?(0,1)). However, stability cannot be guaranteed,
i.e., finding u satisfying (1.1) is an ill-posed problem.

In the case when a = 0 in (1.1), we have the Cauchy problem for the heat equation, which is
a clagsical and well-studied inverse ill-posed problem. To provide some general references where
properties and methods for that problem can be found, see for example, [7,12,19, 24, 26] and
references therein. In the case when instead b = 0 in (1.1), we have the corresponding lateral
Cauchy problem for the wave equation, which is considerably less studied. Uniqueness of a solution
in this case is a more subtle issue, due to finite speed of propagation, than for the heat equation,
and is shown to hold in the one-dimensional case in [22] and more generally in [3,4,28]. An example
highlighting the instability is given in |23, Sect. 1| (for more on hyperbolic inverse problems, see [17]).
In the literature, lateral one-dimensional Cauchy problems for the heat equation is sometimes termed
the sideways heat equation [13] and correspondingly for the wave equation [28]. When both a and
b are non-zero in (1.1) the governing equation is the classical damped wave equation, also known as
the telegraph equation; for a derivation in four different physical settings, see [27], and for examples
in option pricing [25], heat waves [21,32] and exact controllability [30].

For the outline of the work, in Section 2 time transformation using the Laguerre transform is
discussed as well as time discretisation via the Houbolt method. The system obtained after time-
reduction and comnsisting of second-order ordinary differential equations (ODEs) is stated. A funda-
mental sequences method for the obtained sequence of ODEs is derived in Section 3 together with
some properties. The fundamental sequence is explicitly constructed, see Theorem 3.1. Tikhonov
regularization is applied to the discretized system of algebraic equations obtained after collocation
at the endpoints of the space interval. Formulas for the sought approximation to (1.1) and to the
Cauchy data when x = 0 is given at the end of that section. In Section 4 is a note on a similar
fundamental sequences method for the solution of the corresponding well-posed Dirichlet problem.
Section 5 presents numerical results showing the applicability of the proposed approach both for
the wave and heat equation with exact as well as noisy data.

2 SEMI-DISCRETIZATION WITH RESPECT TO TIME

2.1 LAGUERRE TRANSFORMATION

We search for the solution of the lateral Cauchy problem (1.1) in the form of a Fourier-Laguerre
expansion
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u(a,t) = kY up(x)Ly(kt), (2.1)
p=0

where -
up(x) :/ e " Ly(kt)u(x,t)dt, p=0,1,2,....
0

Here, L, is the Laguerre polynomial of order p, and x > 0 a scaling parameter. Properties of the
Laguerre polynomials [1] give that for a bounded and continuously differentiable function g (these
conditions can be weakened) with Fourier-Laguerre coefficients g, the Fourier-Laguerre coefficients
g, of the derivative ¢’ have the following representation

p
g;:—g(())-i-/izgm, p:O71727""
m=0

The Fourier-Laguerre coefficients g;,’ of the second derivative g” of a twice continuously differentiable
function g are given by

p
9 ==9'©0) = rp+Dg(O) +#* Y (p=m+Lgn, p=012....
m=0

After performing straightforward calculations, taking into account the representation of the
solution u by (2.1) and the formulas for derivatives of Fourier-Laguerre coefficients, we find that
the functions w, in (2.1) satisfy the following sequence of ordinary differential equations with Cauchy
data

p—1
u(z) = Yuy(z) = _mUm(x), T ,1),
p(2) = 7 up(x) n;)/ﬁp (z), ze(0,1) 22)

up(l) = Pl,p U;(l) = 851,}77 p=20,1,2,....
Here, Bp = aﬁg(p + 1) + blia 72 = 507

o0
P1p =/0 e " Ly(kt)pe(t)dt, p=0,1,2,...,

P1p =/ e "L, (kt)@1(t)dt, p=0,1,2,....
0

The numerical approximation to the solution of (1.1) is a partial sum of the series (2.1), i.e., (2.2)
is solved for p =0,1,..., N, for some integer N > 0.

2.2 HOUBOLT METHOD

As an alternative to the Laguerre transform in time the Houbolt discretisation method [18] can
be used. To apply the Houbolt method to the governing equation in (1.1), we use the equidistant
grid

T
tp:(p—l-?))h, fOI'p:—g,—Q,,N, Wlthh:m, and NEN, (23)
and approximate the solution u to (1.1) by the sequence

up = u(tp), p=-3,-2,...,N.

Using the Houbolt scheme [15]|, we have following approximations:

1
uy (-, tp) ~ 6—h(11up — 18up—1 + Yup_2 — 2up_3)
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and )
ug (-5 tp) ~ h2 (2up — Bup—1 + dup_g — up_3).

After applying the standard Euler scheme, we obtain an approximation of the first three elements

of the sequence:
u_z =u(-,0) =0,

u_g ~ u_3 + huy(-,0) = 0,
u_1 ~ u_g + 2huy(-,0) = 0.

As result, we find that the functions w, satisfy the following sequence of ordinary differential
equations with Cauchy data,

ug( ) = ’Y up(x Z Bp—mUm (T z € (0,1),

up(l) = $1,p u;)(l) = @1,;07 p= 07 17 27 RS

where @0, = @o(tp), P1p = P1(tp), for p=0,1,..., N. The coefficients are

2a  11b 5a 3b 4a  3b a b
2 _ = — _— _— = — —_— = ——— = —
v _BO h2 + 6h7 Bl h’ /82 2 +2h7 53 h2 3h7
andﬁ4:...:ﬁN_1:0.

The sequence of ODEs (2.4) is equal to the sequence (2.2), only the values of the coefficients
differ. Thus, when either the Laguerre transform or the Houbolt method is applied to (1.1), we
have to solve a system of ODEs of the form (2.2).

3 A FUNDAMENTAL SEQUENCES METHOD FOR NUMERICAL SOLUTION OF THE
SYSTEM OF ODEs (2.2)
We shall present a fundamental sequences method for (2.2) and start by recalling the following.
Definition 3.1. The sequence of functions {q)p};,vzo is denoted a fundamental sequence for the
equations in (2.2) provided that

82<1>
Zﬁp m®m(,y) =6z —y), zyeR, z#y. (3.1)

When p = 0, we have the one-dimensional modified Helmholtz equation It can be directly
verified that <I>0(x y) = e —712=yl satisfies (3.1) when p = 0 (recall that 72 = fy). Thus, it makes

sense to search for @, in the form e~ "1*~¥ly, (|2 — y|) for a suitable polynomial v,. Following [9,10],
we use the polynomials v, defined by

P
r) = Z [ (3.2)
m=0

with
apo=1, p=0,1,...,N,
1
app = —% Brap—1p-1, p=1,2,...,N
and

1
ap’k:M{k(k+1apk+l Z Bp—m O j— 1} k=p—1,...,1,

m=k—1
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forp=2,...,N.
Straightforward calculations show that the polynomials (3.2) satisfy the following sequence of
ODEs

p—1
" /
vy — 20, = g Bp—mVm.-
m=0

Hence, we obtain the following new result.
Theorem 3.1. The sequence of functions {Qp} "o with

(I)p(xa y) = 6_7‘$_y|1}p(|$ - y|)7 x 7£ Y

is a fundamental sequence of (2.2) in the sense of Definition 3.1.

Similar to [31, Prop. 2] one can show that the obtained fundamental sequence is a fundamental
set for the governing ordinary differential equations in (2.2). Thus, it makes sense to search for an
approximation to (2.2) in the form

up(x) = Ap(x) = Y (@1m@pom(@,y1) + Q2mPp-m(w,92)) , z € (0,1) (3.3)
m=0

with unknown coefficients a1, and a3 ;, with given numbers y; and y2 outside the solution domain
(0,1), that is y1 < 0 and y2 > 1. Collocating to match the boundary data in (2.2), we generate a
recurrent sequence of linear systems to find the coefficients a1, and as p,

2
a1,p®o(1,y1) + a2p®o(l,y2) = 1 — Z > rm®pm(1,ye),
m=0 /=1
(3.4)
aLP(I)E),m(l?yl) + a2,pq>6,:c(1vy2 = P1p— Z Zo‘fm p—m,z (1, Y0,
m=0 /=1
for p=0,1,..., N, where derivatives of elements from fundamental sequence are

/ _ 7Y Ay -

P, o (2,y) = r— (—rvp(le —yl) + 0p(lz —yl), = #y

and
p
r) = g manmrm_l
m=1

The linear systems (3.4) are ill-conditioned, therefore, to obtain stable solutions, we apply standard
Tikhonov regularization with a regularization parameter chosen according to the heuristic L-curve
rule [16]. The regularization parameter is chosen only once, because the matrix is the same in (3.4).

In total, the solution of the inverse problem (1.1), obtained using the Laguerre transformation,
is computed by

N
u(z,t) R uy(z,t) = Z (3.5)
p=0
with @, generated from (3.3). Moreover, the space derivative of the function is obtained from (3.5)

via

N D 2
Wy (@, t) ~ uly g (2 8) = £ Lyp(s) DY arm @0 (2, y0). (3.6)
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In case of the time discretization via the Houbolt method, the solution of the inverse prob-
lem (1.1) is computed at the mesh points t,, p =0,..., N given in (2.3) by

u(z,tpy) = Up(z) (3.7)

with 4, from (3.3), and the space derivative of the solution is obtained by

P 2
tp)'\N"ZZa pmxxyf)

m=0 ¢=1

Note that as derived in Section 2 the values of the constants [y,..., Oy are different for the
Laguerre and Houbolt methods. These values enter into the construction of the fundamental se-
quence {(I)p} _o as can be seen both from Definition 3.1 and from the explicit expressions for the
coeflicients of the polynomial v, above. Thus, in general the element @,(x) in (3.5) and in (3.7)
are different, but for ease of presentation we have not explicitly written out the dependence on the
parameters (3 in the elements @, {®,}7_o and g, m.

4 A NOTE ON A FUNDAMENTAL SEQUENCES METHOD FOR THE DIRICHLET
PROBLEM

The proposed fundamental sequences method for the lateral Cauchy problem can be adjusted to
other boundary conditions as well. Since we shall need to generate synthetic data in the numerical
section via the well-posed Dirichlet problem, we outline proposed method for it. We therefore
consider the following initial Dirichlet boundary value problem

auy, + buj —ull, =0, (z,t) € (0,1) x (0,T),
U(Oat) = 900(15)7 u(lat) = (,01(t>, te (O>T)7 (4'1)
u(x,0) =0, auy(z,0) =0, z € (0,1)

Applying the Laguerre transformation or the Houbolt method give, similar to Section 3, the
following sequence of boundary value problems for ordinary differential equations

p—1
wy =7ty =Y fpmtim, € (0,1),
m=0 (42)
up(0) = op, up(l) =¢1p, p=0,1,2,....

In the case of the Laguerre transform,

o0
Pep = / ef’f”tLp(/it)(pg(t) dt, p=0,1,2,...,£=0,1,
0

whilst for the Houbolt method ¢op = wo(tp), @1 = @i1(tp), for p=0,1,..., N, with the same grid
points as in (2.3). The coefficients 3; and v? are as in Section 2.

Representing the solution to (4.2) in the form (3.3) and collocating on the endpoints of the space
interval to match the Dirichlet conditions give a sequence of linear systems to find oy, and agp,

a1,p®0(0,41) + a2,P0(0,42) = pop — Z Z @ m®p—m (0, Ye),
m=0 (=1

a1p®o(L, 1) + 2p®0(L42) = P15 — D Y m@pom(1,y0),
m=0 (=1
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forp=0,1,...,N.
As above, the numerical solution of the initial boundary value problem (4.1) in case of the
Laguerre transformation is calculated as

N
u(x,t) m un(z,t) = kY ip(x)Ly(kt) (4.3)
p=0
and for the Houbolt method
u(z,tp) = up(z), p=0,1,...,N. (4.4)

As explained in the final paragraph of Section 3, the element %, depends on the parameters 3; and
thus 4, differs in (4.3) and (4.4).

We mention that numerical methods for direct problems for the wave and telegraph equations
related to the above are |11, 14,29,34]. Of course, for the direct problem for the wave equation
(4.1), any of the standard numerical methods such as the finite element method (with or without
time-discretisation), finite differences or the boundary element method can be applied although
with more effort for mesh generation, see the overview [33].

5 NUMERICAL EXAMPLES

We shall present numerical examples for solving (1.1) both for the heat equation and the wave
equation, as well as some results for the well-posed Dirichlet problem.
To measure the errors of the numerical solution compared with the exact solution, we use the

T 1
2
(u,un) O/O/(U(x,t)—u]v(x,t)) dxdt,

following Le-errors:

where v is the exact solution and uy is the numerical solution. The integrals are calculated using
the trapezoid quadrature.

a) b)

0.08 - 0.07

0.06 - 0.06

= 0.04 | 005
- [a\}
1) -
o =
= >
= 002+ 0.04
08 0.03
-0.02 : 0.02 : : ;
0 1 2 3 4 0 0.2 0.4 0.6 0.8 1
t X

Fig. 5.1. The exact v and numerical uy solutions at a) (0.5,¢) and b) (z,2) for Ex. 1.1
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0.08
N e(u, un) q(u, un) 0.06
0 7.00e — 2 7.19¢ — 1
10 1.65e — 3 1.70e — 2 =
20 6.48¢ — 4 6.65¢ — 3 El
30 2.30e — 4 2.37e -3
40 1.49¢ — 4 1.53e — 3 0.02
50 7.6le — 5 7.82¢e —4 K

ol ‘
0 10 20 30 40 50
N
Table 5.1. Lo-errors between the exact (u) and numerical (uy) solution for Ex. 1.1
a) b)

u(0.5, 1)

0 0.2 0.4 0.6 0.8 1
X

Fig. 5.2. The exact u and numerical uy solutions at a) (0.5,¢) and b) (z,2) for Ex. 1.2

5.1 EXAMPLE 1: LAGUERRE TRANSFORM FOR THE DIRICHLET PROBLEM FOR
THE HEAT EQUATION

In this first example, we use the Laguerre transform with scaling parameter x = 1, for time-
reduction for the heat equation with Dirichlet boundary conditions. Therefore, in (4.1) the constant
a =0 and b = 1. The two source points y; < 0 and y2 > 1 should be selected not to close to the
endpoints of the interval (0,1) and not too far, see [20]. Thus, we choose y1 = —1 and y2 = 2. As
the exact solution of the problem to compare with, we consider two different functions.

1. The fundamental solution of the heat equation corresponding to a unit heat source placed at
r=4and t=0:

1 _@?

2@@ I a (5.2)

The final time is chosen as T' = 4. Following the notation in (4.2), Laguerre transforms of the
generated boundary data for p =0,1,2,... are

u(z,t) =

4
efntf?

LI L, (kt) dt 1 OO@im%L £) dt
o= | e = [T L
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0.6
05+
N e(u, uy) q(u, un)
0 4.76e — 1 2.85e — 1 0.4
10 1.2le — 1 7.23¢ — 2 =
20 8.65¢ — 2 5.18¢ — 2 3 0371
30 6.95¢ — 2 4.16e — 2 os
40 5.84¢ — 2 3.50e — 2
50 5.03e — 2 3.0le — 2 0.1
0 . ,
0 10 20 30 40 50
N

Table 5.2. La-errors between the exact (u) and numerical (uy) solution for Ex. 1.2

a) b)
0.07 - 0.07 -
0.06 -
0.06 -
0.05 -
~ 0.05 =004
v T
fan o
> 004 =003 -
0.02 -
0.03 .
. 0.01 -
0.02 ‘ ‘ ‘ 0 : : ‘ ‘
0 02 04 06 08 1 0 1 2 3 4
X 1
Fig. 5.3. The exact v and numerical uy solutions at a) (0.5,¢) and b) (z,2) for Ex. 2.1
0.004 |
N+3 e(u,un) q(u,un) 0.003
10 3.53e — 3 3.74e — 2 .
20 1.97¢ — 4 2.07e — 3 ;‘.Z 0.002 F
40 1.73e — 5 1.83e — 4 T
60 5.93¢ — 6 6.26e — 5
80 2.58¢ — 6 2.72¢ — 5 0001
ol

10 20 30 40 50 60 70 80
N+3

Table 5.3. La-errors between the exact (u) and numerical (ux) solution for Ex. 2.1

In Fig. 5.1 are values of the exact solution u(0.5, ) respectively u(-,2) plotted together with the
corresponding numerical solution uy in (4.3) generated by the fundamental sequences method with
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the Laguerre transform, outlined in Section 4, for N = 10,20, 30,40. The Ly-errors (5.1) between
the exact solution u and the numerical solution uy are presented in Table 5.1.

a) b)

0.8

06| °

u(0.5, 1)
*

04 ¢

02 -

0 0.2 0.4 0.6 0.8 1 0 1 2 3 4
X

—

Fig. 5.4. The exact v and numerical uy solutions at a) (0.5,¢) and b) (z,2) for Ex. 2.2

0.2

0.18
N +3 e(u,un) q(u,uy) i
10 1.88¢ — 1 1.26e — 1 o
20 1.17e — 1 1.10e — 1 =014 |
40 1.35¢ — 2 8.37e — 2 3
60 1.10e — 2 6.81e — 2 0.12 |
80 9.47e — 3 5.80e — 2 o

0.08 -

10 20 30 40 50 60 70 80
N+3

Table 5.4. Lo-errors between the exact (u) and numerical (uy) solution for Ex. 2.2

2). As the exact solution, we now consider the function:

u(z,t) = erfe <2f/i> . (5.3)

It is easily checked that u(z,t) satisfies the heat equation. The functions ¢y, for p = 0,1,2,...
in (4.2) are computed as

oo (o] 1
= e "L, (kt)dt, :/ erfc <> e "L (kt)dt.
¥0,p /0 p(Kt) Plp 0 NG p(Kt)

In Fig. 5.2 are values of the exact solution (0.5, -) respectively u(-,2) plotted together with the
numerical solutions (4.3) found by the fundamental sequences method and Laguerre transform for
N = 10,20, 30,40. The La-errors between the exact and numerical solutions computed via (5.1) are
presented in Table 5.2.
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u(0.5, 1)

0 1 2 3 4 0 0.2 0.4 0.6 0.8 1
t X

Fig. 5.5. The exact u and numerical uy solutions at a) (0.5,¢) and b) (z,2) for Ex. 3

0.1 r

N e(u, upy) q(u,upn) 008 \
0 9.0le — 2 9.35¢ — 1
10 4.55¢ — 3 4.68¢ — 2 =%
20 1.06e — 3 1.09¢ — 2 3

® 004
30 2.89¢ — 4 2.97¢ — 3
40 1.82¢ — 4 1.86¢ — 3
50 1.00e — 4 1.03¢ — 3 0027 L

0
0 10 20 30 40 50

N

Table 5.5. Lo-errors between the exact (u) and numerical (uy) solution for Ex. 3

5.2 EXAMPLE 2: HOUBOLT METHOD FOR THE DIRICHLET PROBLEM FOR THE
HEAT EQUATION

To see whether it matters which time-reduction one uses, we consider the same two configuration
as in Ex. 1 but apply instead the Houbolt method for the heat equation. Thus, as in Ex. 1, a =0
and b = 1. The source points for the fundamental sequences method are y; = —1 and y2 = 2. As
the exact solution of the problem, we consider the two functions of Ex. 1.

1). The function (5.2) is used to generate data. In Fig. 5.3 are values of the exact solution
u(0.5, -) respectively u(-,2) plotted together with approximations (4.4) for N + 3 = 10, 20, 40, 80.
The Ly-errors computed by (5.1) are presented in Table 5.3.

2). The error function (5.3) is used to generate data. In Fig. 5.4 are values of the exact
solution u(0.5,-) respectively u(-,2) plotted together with the numerical solutions (4.3) found by
the fundamental sequences method and the Houbolt method for N+3 = 10, 20, 40, 80. The Lo-errors
computed by (5.1) are presented in Table 5.4.

Compared with the results of Ex. 1 there are no dramatic changes, although comparing Fig. 5.2
with Fig. 5.4 and the results of Table 5.2 and Table 5.4, the Houbolt method is slightly less accurate
when using the exact solution (5.3). Thus, in the experiments for the lateral Cauchy problem (1.1),
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a) b)

Fig. 5.6. The reconstructed Cauchy data: a) function values and b) derivative at (0,t) for Ex. 3

0.08 1
N 6(“5 UN) Q(U, UN) 0.06
0 7.0le — 2 7.20e —1
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20 7.1le —4 7.30¢ — 3 ER
30 4.52e — 4 4.64e — 3
40 4.68e — 4 4.81e — 3 0.02
50 4.65e — 4 4.77e — 3

0 :
0 10 20 30 40 50

N

Table 5.6. Lo-errors between the exact (u) and numerical (uy) solution with 3% noise for Ex. 3

we feel no need to present results for both methods but focus on the fundamental sequences method
with the Laguerre transform.

5.3 EXAMPLE 3: LAGUERRE TRANSFORM FOR THE LATERAL CAUCHY PROBLEM
FOR THE HEAT EQUATION

We consider the lateral Cauchy problem (1.1) for the heat equation, thus ¢ = 0 and b = 1.
The Laguerre transform is applied for the time-reduction. The source points for the fundamental
sequences method are selected as y; = —1 and y2 = 2. As an exact solution we use (5.2).

In Fig. 5.5 are the values of the exact solution u(0.5,-) respectively u(-,2) plotted together
with the numerical solution (3.5) found by the fundamental sequences method with the Laguerre
transform for N = 10,20, 30,40. The Lo-errors computed by (5.1) are presented in Table 5.5. The
reconstructed Cauchy data when x = 0 are presented in Fig. 5.6. It is particularly pleasing to see
that also the derivative is accurately reconstructed. This is partly due to the explicit formula (3.6)
for the derivative of the numerical solution (3.5).

The results of the similar numerical experiments, but with noisy data (noise level § = 3%) are
presented in Figs. 5.7-5.8 and Table 5.6. Results with noisy data are of course less accurate but
importantly noise is not magnified out of proportion.



28 Borachok I., ChapkoR., Johansson B.T.
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Fig. 5.7. The exact v and numerical uy solutions at a) (0.5,¢) and b) (z,2) with 3% noise for Ex. 3
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Table 5.7. Lo-errors of the numerical solution ux and derivative u’N,
computed by (5.4), for Ex. 4

The regularization parameter for the Tikhonov regularization is in the case of exact data 1le—10
and for noisy data le — 3.

5.4 EXAMPLE 4: LAGUERRE TRANSFORM FOR THE CAUCHY PROBLEM FOR THE
WAVE EQUATION

We consider the lateral Cauchy problem (1.1) for the wave equation, thus ¢ = 1 and b = 0.
The Laguerre transform is applied for the time-reduction with scaling parameter k = 1. The source
points for the fundamental sequences method are y; = —1 and yo = 2. In this example, the exact
solution is unknown and we instead use synthetic data. The lateral Cauchy data is generated by
numerically solving the Dirichlet problem (4.1), i.e., constructing (4.3), with the boundary functions
chosen as

1
mtze_tJr2 cos(mx + 1),t € (0,4].
The lateral Cauchy data is then ¢¢ and @1 (t) with @;1(¢) obtained as the derivative of (4.3) when
x =1 (similar to (3.6)). Note that for the lateral Cauchy problem for the wave equation, uniqueness
of a solution only holds in a space-time interval with time a function of space [3,4,28]. However, the

900(75) = @(Ovt)a Sol(t) = 90(17t)a (p(.’I?,t) =
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a) b)

Fig. 5.8. The reconstructed Cauchy data: a) function values and b) derivative at (0, t)
with 3% noise for Ex. 3
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Table 5.8. Lo errors of the numerical solution ux and derivative u/y, computed by (5.4),
with 3% noise for Ex. 4

chosen data above can be extended for all ¢ > 0, thus according to [22] uniqueness holds throughout
the time interval without dependence on space.

The Laguerre transform of g and ¢; are

e*(2+ rp(k(p— 1) — 4))
107 (K + 1)p+3

vop = ¢p(0), Y1 =p(1), wp(z) = cos(mz + 1).

The data for the time-transformed Cauchy problems for the wave equation (2.2) consists of @1,
and the numerically generated derivative @1, = 1,(1) (with @, as in the sum in the right-hand side
of the approximation (4.3) for the Dirichlet problem).

In this example, we investigate the obtained lateral Cauchy data when z =0 and 0 <t < 4. As
the exact lateral Cauchy data we use ¢1(t) and the generated element ¢;(t) numerically calculated
from the Dirichlet problem for the wave equation, as explained above, for N = 60. Furthermore, as
exact Cauchy data to compare against when = = 0, we take o and @g(t) with @o(t) obtained as
the derivative of the numerical solution (4.3) of the Dirichlet problem when x = 1 (similar to the
construction of ¢y (t)).
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Fig. 5.10. The reconstructed Cauchy data: a) function values and b) derivative at (0,t) with 3%
noise for Ex. 4

We consider the Ls-error:
T
(u,un) / (0,) — un(0,))? dt. (5.4)
0

The La-errors of the reconstruction of the lateral Cauchy data (ux and u/y from (3.5) and (3.6),
respectively) when x = 0 and 0 < ¢t < 4, computed by (5.4) are presented in Table 5.7. The
reconstructed Cauchy data when x = 0 and 0 < t < 4 for different values of the parameter
N together with the exact Cauchy data are presented in Fig. 5.9. The regularization parameter
is chosen as 1E — 11. Since the given data is not exact it is expected to see an error in the
reconstructions in particular for the derivative. Still, the reconstructions follow the (numerically)
exact solutions.

The results of the similar numerical experiments, but with noisy data (noise level § = 3%) are
given in Table 5.8 and in Fig. 5.10. In the case of noisy data, the results are presented only until a
threshold value N = 20; for larger values of IV, the Lo-error starts to increase. The regularization
parameter is chosen as 1F — 5. We now also see a larger error in the functions values. The
reconstructions still captures the main features both for the function values and the derivatives.
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Thus, the generated approximations are stable with respect to (moderate) noise.

Let us mention that the presented numerical results are obtained using Octave and performed
on an ordinary workstation having an Intel(R) Core(TM) i7 CPU at 2.60 GHz. To give an example
of the computational time, in Ex. 1 (Dirichlet problem for the heat equation) with N = 50 in (4.3)
the computations take about 0.15 seconds.

6 CONCLUSION

A fundamental sequences method has been derived for the one-dimensional lateral Cauchy prob-
lem for the damped wave equation. Either the Laguerre transform or the Houbolt scheme is applied
for time-reduction rendering a sequence of second-order ordinary differential equations (ODEs) with
data given at the right endpoint of a finite space interval. The study includes as a special case the
classical lateral Cauchy problem for the heat equation. A fundamental sequence to the ODEs is ex-
plicitly constructed and the solution to the ODEs are expressed as a linear combination of elements
of this fundamental sequence. Collocating at the right endpoint of the space interval to match
the transformed Cauchy data renders linear systems for finding the coefficients in the expansion.
Tikhonov regularization is applied for the stable solution of the linear systems. A similar funda-
mental sequences method for the well-posed Dirichlet boundary value problem for the damped wave
equation is included as well. Numerical examples for both the Dirichlet and lateral Cauchy problem
for the heat and wave equations, using the Laguerre transform as well as the Houbolt method, with
exact and noisy data are given showing the efficiency and accuracy of the proposed method.
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